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Evaluation of Mode Dependent Fluid Damping in a
High Frequency Drumhead Microresonator
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Abstract— Design of high quality factor (Q) micromechanical
resonators depends critically on our understanding of energy
losses in their oscillations. The Q of such structures depends on
process induced prestress in the structural geometry, interaction
with the external environment, and the encapsulation method. We
study the dominant fluid interaction related losses, namely, the
squeeze film damping and acoustic radiation losses in a drumhead
microresonator subjected to different prestress levels, operated in
air, to predict its Q in various modes of oscillation. We present a
detailed research of the acoustic radiation losses, associated with
the 15 transverse vibration modes of the resonator using a hybrid
analytical-computational approach. The prestressed squeeze film
computation is based on the standard established numerical
procedure. Our technique of computing acoustic damping based
quality factor Qac includes calculation of the exact prestressed
modes. We find that acoustic losses result in a non-monotonic
variation of Qac in lower unstressed modes. Such non-monotonic
variation disappears with the increase in the prestress levels.
Although squeeze film damping dominates the net Q at lower
frequencies, acoustic radiation losses dominate at higher fre-
quencies. The combined computed losses correctly predict the
experimentally measured Q of the resonator over a large range
of resonant frequencies. [2013-0035]

Index Terms— Prestressed micro drum resonator, annular
plate vibration, high Q resonators, acoustic radiation damping,
squeeze film damping, exact modeshape, nonmonotonic acoustic
losses.

I. INTRODUCTION

M ICROMECHANICAL resonators offer significant ad-
vantages over other resonators in terms of size, power

consumption [1], CMOS integration [2], and high quality fac-
tor, Q [3]. With the advent of micro and nanoelectromechanical
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systems, there has been rapid development in design and fab-
rication of sensitive resonant structures that find applications
as RF filters [4], mass sensors [5]–[7], pressure sensors [8],
and other high-frequency sensors [9]. The sensitivity of these
dynamic devices depends on their resonant frequency and
quality factor, Q. For devices made of low loss materials, such
as silicon, and operating in a fluid medium, such as air, the
Q of the device is usually dominated by the fluid interaction
dependent losses [10].

For devices oscillating over a fixed substrate at low oper-
ating frequencies, the fluid damping is due to a combination
of the squeeze-film flow and air-drag [10]–[14]. The squeeze
film damping is due to the viscous losses in the sideways
motion of the thin air film trapped between the transverse
vibrating structure and the fixed substrate [15], [16]. There
have been many studies on the squeeze film effect in MEMS
and NEMS [10], [13], [14], [17] devices. The findings of
these studies indicate that the squeeze film damping reduces
with increasing air gap thickness and operating frequency.
For large air-gap thickness, the drag losses can dominate the
damping in the structure at low frequencies [10] and acoustic
damping can dominate the losses at high frequencies [18].
However, for a relatively small air gap, the thin air film, which
gives rise to squeeze-film damping at low frequencies [13],
behaves like a compressible fluid [14] at higher frequencies.
Hence its contribution to net damping reduces drastically at
high frequencies. Under such conditions, the damping due to
the radiation of acoustic energy from the vibrating surface
to the infinitely open surrounding region dominates the loss
mechanism [19], [20]. In this paper, we quantify the losses
due to acoustic radiation and squeeze film for a conceptually
simple structure: an annular plate fixed at its outer edges,
suspended over a thin cavity above the fluid substrate and open
to the surrounding on the other side (see Fig. 1). We show that
the acoustic losses can be reduced by operating the structure
at higher harmonics, where the phase difference between the
adjacent moving segments at various vibrating modes of the
resonator leads to a reduction in radiated energy.

The dynamic motion of the annular plate considered here
involves vibration of the device in contact with the sur-
rounding fluid, which is of significant interest in wide range
of systems such as a piston that moves in contact with
the fluid in a closed cylinder [21], a structure that moves
underwater in the ocean [19], the movement of a magnetic
disc drive read-head in contact with air [22], vibration of a
nano circular drum resonator pressure sensor in contact with
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Fig. 1. (a) A picture depicting the prestressed drumhead resonator with a
center hole [8]. (b) Depiction of squeeze-film damping and acoustic radiation
loss regions, respectively, corresponding to fundamental mode of vibration.
(c) Clamped-free circular region with inner radius, b = d1

2 , and outer radius,

a = d3
2 , oscillating near a substrate with an air-gap of d2.

the surrounding fluid [8], microfluidic devices consisting of
a circular membrane [23], and other examples. There are
two main effects associated with such systems due to the
fluid-structure interaction. First is the “added mass effect”,
which reduces the effective resonance frequency of the struc-
ture. Second is the acoustic radiation loss that affects the
quality factor of the vibrating structure. This fluid-structure
interaction problem is analyzed numerically using the finite
element method or boundary element method for complex
domains and analytically for simple domains. Here, we stress
on developing an analytical procedure to analyze the acoustic
radiation losses on the top side of the vibrating annular plate
in several modes of oscillation. The squeeze film damping
for the corresponding modes can be readily computed using
standard FEM based software, ANSYS [17]. Therefore, our
focus is also on developing mathematical formulations for
acoustic radiation losses.

Lord Rayleigh [24] was probably the first to study the effect
of the mass loading due to the surrounding fluid on a vibrating
rigid disk in contact with the fluid. He suggested the idea of
an “added mass”. This classic problem was then studied by
Lamb [19] to investigate the added mass induced change in
the first two natural frequencies of a circular plate, fixed along
its outer edge and vibrating in contact with a fluid. In addition
to the frequency change, Lamb also found the acoustic radi-
ation losses corresponding to those two modes. These results
have been validated experimentally by subsequent studies.
It is, however, important to note that Lamb’s results are
based on approximate mode shapes. Revisiting this problem,
Amabili et al. [25], [26] used the Hankel transform to analyze
the added mass effect on the frequency of the structure vibrat-
ing in its fundamental and higher modes. However, their study
was limited to analysis of the added mass effect on resonators
with no prestress. Such fluid-structure interaction effects have
recently been analyzed in the context of MEMS/NEMS
structures. Unlike the case of macroscale problems, where
the surrounding fluid is assumed to be incompressible and
inviscid, the experimental validation of Lamb’s theory was

examined for a microsensor working in the presence of a vis-
cous fluid (water-glycerol mixture) [27]. Experimental results
were found to be in good agreement with Lamb’s predic-
tions for a less viscous fluid mixture (< 10 cP) but differed
for fluid mixtures with higher viscosity. The difference was
attributed to the viscosity contribution to the added mass effect
qualitatively [27] as well as quantitatively [28]. Considering
the first approximate mode shape of a circular plate vibrating
in contact with the surrounding fluid, Kozlovsky [28] analyzed
the effect of viscosity on the natural frequency as well as the
quality factor. Recently, Olfatnia et al. [18] have compared
theoretical and experimental results for analyzing the effect of
viscosity of the surrounding fluid on the frequency as well as
the quality factor of a circular diaphragm vibrating in its first
mode.

Our central interest in the present study is to find acoustic
losses and the associated quality factor in various modes of
vibration of an annular micromechanical resonator (a MEMS
plate) clamped at its outer edge in order to assess the suitability
of higher modes to high-Q applications. The annularity of
the resonator results from the requirement of an etch hole
typically used in the micromachining technique to create a
cavity underneath the resonator by dissolving the supporting
oxide material starting from the etch hole. Although a pattern
with many etch holes could be laid out to penetrate and free up
the plate, a central etch hole serves the purpose and creates the
simplest resonator structure [8], [29]. The annular resonator is
also particularly amenable to analytical treatment for studying
acoustic losses [30], [31] and building mathematical models
for predicting the Q-factor.

In order to analyze acoustic radiation losses associated with
various modes of vibration of the annular plate, we first derive
the exact mode shapes of the structure ignoring any effect of
the surrounding fluid (air) on the mode shape. We use these
mode shapes to study the effect of the surrounding fluid on
the associated natural frequencies and the Q-factor. Since the
surrounding fluid is air, the effect of “added mass” on the
frequencies of the structure is found to be negligible [26].
Hence, it is not considered in the formulation of acoustic
damping. The effect of the surrounding air on the Q-factor,
however, is significant because of the acoustic radiation losses
which is the subject matter of this paper. We extend the
analytical approach proposed by Amabili et al. [25], [26] to a
thin annular plate with prestress (typically present in all thin
film micromechanical structures) to find the acoustic losses
corresponding to different modes. Finally, we compare our
results, first, with Lamb’s results for the first two modes, and
then with published experimental results [8] for the higher
modes of the resonator.

II. PROBLEM DEFINITION

We take a prestressed drumhead resonator with a hole,
shown in Fig. 1, which is clamped at its outer edge and
separated from the bottom substrate by the air-gap d2.
The air gap comprises a thin film which is present between
the substrate and the bottom surface of the annular plate.
This thin film is open to the outer surroundings through the
hole provided at the center having a diameter d1 (see Fig. 1(b)).
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On the other hand, the upper surface of the plate is in direct
contact with the surrounding air which leads to either drag
flow damping or acoustic radiation losses. However, drag
damping is a low frequency phenomena and is found to be
negligible [10], [32], hence, it is not considered in the present
study. For the given configuration, under normal operating
conditions, there are two types of dominant fluid dissipation
mechanisms. The first is termed “squeeze film damping”
because of the squeezing of the trapped air film which flows
through the etch hole to the surrounding volume above the
plate. The second mechanism is due to acoustic radiation
damping from the upper surface of the plate. The effect of
these two damping mechanisms that contribute in different
proportions to the net damping when we consider different
resonance modes is analyzed in this paper.

The relevant dimensions and the properties of the resonator
and the surrounding air are: the inner diameter d1 = 4 μm,
the outer diameter d3 = 36.8 μm, the diameter ratio d1

d3
=

b
a = 0.1087, the drum thickness d0 = 300 nm, and the air-
gap thickness d2 = 572 nm. The drum is made of polysilicon
material with Young’s modulus E = 150 GPa, Poisson’s ratio
ν = 0.22 and density ρs = 2330 kg/m3. The drum oscillates
in the surrounding air of density ρ f = 1.2 kg/m3 and viscosity
μ = 18.3 × 10−6 Ns/m2 under constant ambient temperature
T = 293 K and pressure P = 1.013 × 105 Pa. (Further
details of the resonator are available in Southworth et al. [8]).
The ratio d0

d3
≈ 0.008, suggests that thin plate analysis that

includes prestress is sufficient to capture the exact modes of the
annular plate. One uncertainty here, however, is the value of
the prestress. The residual stress value of 400 MPa mentioned
in ref. [8] is for the polysilicon film before patterning and
etching. The residual stress in the released resonator structure
is not known. Therefore, we carry out modal analysis on the
resonator with varying levels of prestress and try to match
the experimentally measured frequencies in various modes.
The closest match obtained for σr = 96 MPa in all the
15 modes considered makes this value to be the most realistic
one for the rest of the analysis.

In the subsequent section, we present the complete math-
ematical formulation of acoustic radiation damping. On the
other hand, since we are using a standard approach to com-
pute the squeeze film damping contribution, we only briefly
mention the important steps involved in its computation.

III. MATHEMATICAL MODELING OF ACOUSTIC

RADIATION DAMPING

In this section, we present the mathematical background
for computing the acoustic radiation losses due to a vibrating
annular plate with free inner edge and fixed outer edge
subjected to a radial prestress. The annular plate, with the
inner radius, b, and the outer radius, a, in contact with the
hemispherical surrounding fluid on its upper surface is shown
in Fig. 2.

First, we find the expression for the exact mode shapes of
the vibrating annular plate in vacuum. Subsequently, using the
same mode shapes, we present the procedure for computing
the acoustic radiation losses.

Fig. 2. Schematic of semi-hemispherical fluid domain above the vibrating
annular plate with uniform in-plane principal stress state (σr = σθ ), fixed at
its outer edge.

A. Modal Analysis of Annular Plate

The vibration of annular plates with fixed outer boundary is
widely analyzed for different applications. Under the assump-
tions of a thin plate made of isotropic, homogeneous, and
linearly elastic material, the equation governing the transverse
deflection, W (r, θ, t), of the plate subjected to radial prestress
for undamped, free vibration can be written in polar co-
ordinates as, [33]–[35]

∇4W −
(

N

D

)
∇2W +

(
ρsd0

D

)
∂2W

∂ t2 = 0, (1)

where, N = σr d0 is the tension per unit length, σr is the
radial stress, d0 is the uniform thickness of the plate, ∇2 =
∂2

∂r2 + 1
r
∂
∂r + 1

r2
∂2

∂θ2 is the Laplacian operator, and D = Ed3
0

12(1−ν2)
is the flexural rigidity of the plate and ρs is the density of the
plate. Assuming that the plate vibrates in a normal mode, W
can be expressed as,

W = w(r, θ)eiωt . (2)

Substituting eqn. (2) in eqn. (1) and then rearranging the
resulting equation, we get the modal equation as,

(∇2 + S2)(∇2 − S̃2)w(r, θ) = 0, (3)

where, β2 = ρs d0
D ω2 is the frequency parameter, S2a2 =

1
2

(√
T 4a4 + 4a4β2 − T 2a2

)
, S̃2a2 = 1

2

(√
T 4a4 + 4a4β2 +

T 2 a2
)

and T = √
N/D. It is noted that for a given tension

N , S and S̃ are functions of β only. The modal solution
w(r, θ) can be expressed in terms of Bessel functions [36]
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and is given by, [37]

w(r, θ) = χ(r)ψ(θ) = [Amn Jn(Sr)+ BmnYn(Sr)

+ Cmn In(S̃r)+ Dmn Kn(S̃r)]ψ(θ),
(4)

where, Jn is the Bessel function of the first kind, Yn is the
Bessel function of the second kind, In and Kn are the modified
Bessel’s functions of the first and second kind, respectively.

For the annular plate shown in Fig. 2, the following bound-
ary conditions can be used. At the outer radius r = a,
w = ∂w

∂r = 0 and at the inner radius r = b, the bending mo-

ment [38], Mr = −D
[
∂2w
∂r2 + ν( 1

r
∂w
∂r + 1

r2
∂2w
∂θ2 )

]
= 0 and the

shear force [38] Vr = −D
[
∂
∂r ∇2w + 1−ν

r2
∂2

∂θ2 (
∂w
∂r − w

r )
]

= 0.
On applying these boundary conditions, we get the system of
four linear and homogenous equations for the four constants
Amn , Bmn , Cmn and Dmn which we list as eqns.(26)–(29)
in Appendix A. For a non-trivial solution of these constants,
the determinant of the coefficient matrix given by eqn. (38),
Appendix C, of the above equations is set to zero, which
gives the required characteristic equation governing the fre-
quency constant β. Since the characteristics equation given by
eqn. (38) in Appendix C, is difficult to solve analytically, we
employ a numerical technique for finding roots in MATLAB
to estimate β and then we find S and S̃. The various solutions
of β are proportional to the natural frequencies, f , for corre-
sponding modes of vibration. For the given values of S and S̃,
the corresponding constants Amn , Bmn , Cmn , and Dmn can be
determined by solving the system of linear homogenous equa-
tions (26)–(29). Since the equations are homogenous, these
constants can be expressed in terms of any one (say Dmn).
Therefore, expressing the constants Amn , Bmn , Cmn in terms
of Dmn and substituting them in eqn. (4), the mode shape can
be written as w(r,θ)

ψ(θ) = Dmnτmn(Sr, S̃r). Normalizing the mode
shape based on the normalization condition [26],

∫ 1

b/a

(
w(α, θ)

ψ(θ)

)2

αdα = 1, (5)

where, α = r/a, we get the expression for Dmn as

Dmn = 1√∫ 1
b
a
{τmn(αSa, α S̃a)}2αdα

. (6)

For a particular mode of vibration of the annular plate, the
computed Dmn from eqn. (6) can be used to determine other
constants Amn , Bmn and Cmn respectively.

For the limiting condition of the annular plate when the
radius of the inner hole goes to zero, i.e., a solid plate, we
find, following a similar procedure as described above, that
Yn and Kn tend to infinity as r tends to zero [37]. As w is
finite at the center of the plate, we must, therefore, set Bmn

and Dmn to be zero. The resulting deflection profile takes the
form [35], [37],

w(r, θ) = [Amn Jn(Sr)+ Cmn In(S̃r)]ψ(θ). (7)

Using the boundary conditions and following a similar pro-
cedure as described above, we get the following characteristic

equation,

Jn(Sa)In+1(S̃a)S̃ + In(S̃a)Jn+1(Sa)S = 0. (8)

For unstressed case, i.e., σr = 0, S and S̃ are equal to
√
β.

Again, solving the above characteristic equation for β and
using the normalization condition, we can obtain expression
for values of Amn and Cmn .

Most of the fluid structure interaction problems [19] use a
polynomial approximation for the mode shapes. However, such
approximation introduces errors in estimating the damping
from the fluid-structure interaction. In the present analysis, we
use exact structural mode shapes for estimating the acoustic
radiation losses in different mode shapes.

B. Estimation of Acoustic Radiation Losses

In the previous section, we found the natural frequencies and
corresponding mode shapes of the prestressed annular plate
vibrating in vacuum. When the plate vibrates while in contact
with a surrounding air, the reduction in the modal frequency is
found to be negligible [25], [26], [39]. Hence, the added mass
effect is not considered in our formulation for estimating the
acoustic radiation losses in the surrounding air.

As the annular plate vibrates, a disturbance is created in
the fluid adjacent to the plate that causes the wave motion to
introduce pressure fluctuations at all points in the fluid domain
[40]. Considering the surrounding fluid as irrotational and
inviscid at constant ambient mean pressure p0, temperature T0
and density ρ f , the pressure variation about the mean value p0
and the particle velocity can be found in terms of the velocity
potential φ through the equation [21], [40]

p = −ρ f
∂φ

∂ t
and v = ∇φ. (9)

The governing equation for the velocity potential corre-
sponding to small disturbances is given by, [21], [40], [41]

∇2φ − 1

c2
s

∂2φ

∂ t2 = 0, (10)

where cs is the speed of acoustic waves in the fluid.
The incompressibility condition ∇ ·v = 0 leads to the Laplace
equation in terms of φ, i.e., ∇2φ = 0. Therefore, it is sufficient
to find the velocity potential field in order to analyze the
propagation of waves in the fluid medium.

For the domain shown in Fig. 2, the fixed outer support
(i.e., for r > a) is assumed to be radially extended to infin-
ity. For the hemispherical fluid domain enclosing the upper
surface of the annular plate and the support, along with
the Sommerfeld boundary conditions, i.e., velocity and its
gradient vanish as r → ∞, the velocity potential can be
obtained by solving the wave equation as mentioned above.
To find the velocity potential at a generic point P due to
an elementary source � as shown in Fig. 3, we follow the
analysis given by Lamb [19]. Let the position co-ordinates of
point P be (R sin ξ cosψ, R sin ξ sinψ, R cos ξ), and that of�
on elemental surface area d� in the plane of the resonator be
(r cos θ, r sin θ, 0). The distance r ′ of the point P from the
source position � is given by

r ′ =
{

R2 − 2Rr sin ξ cos(ψ − θ)+ r2
} 1

2
. (11)
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Fig. 3. Generic point P in acoustic far field from the resonator.

Since at the far field point P , R � r , the expression for r ′
can be approximated as,

r ′ = {R − r sin ξ cos(ψ − θ)} . (12)

Assuming that the normal component of the velocity of
the fluid at the plate interface is same as that of the plate.
The fluid velocity vn = ∂W

∂t at point � on the upper surface
of the annular plate can be written in terms of the mode shape
w(r, θ) defined in section III(A). Since, W = w(r, θ)eiωt and
w(r, θ) = χ(r)ψ(θ) = χ(r)C cos nθ , we write the normal
velocity as,

vn = ∂W

∂ t
= iω w(r, θ)eiωt = Aχ(r) cos nθeiωt (13)

where, A = iCω, χ(r) = [Amn Jn(Sr) + BmnYn(Sr) +
Cmn In(S̃r)+ Dmn Kn(S̃r)], ω is the frequency of the vibrating
plate. The velocity potential at a distance R from the center of
the resonator, or at a distance r ′ from the elemental surface d�
due to the disturbance at � is given by, [19], [42]

φ = 1

2π

∫ 2π

0

∫ a

b

e−ikr ′

r ′
∂W

∂ t
d�. (14)

Using the approximation of r ′ from eqn. (12) and the
expression of ∂W

∂t from eqn. (13), the velocity potential can
be rewritten as,

φ = Aeik(cs t−R)

2πR

∫ a

b

∫ 2π

0
eikrsinξ cos(ψ−θ) × cos nθχ(r)rdrdθ,

(15)

where k = ω
cs

is the acoustic wave number. Using the
following property of Bessel functions [22], [43],∫ 2π

0
eikrsinξ cos(ψ−θ) cos nθdθ = 2π i n cos nψ Jn(kr sin ξ),

(16)

the velocity potential can be written as,

φ = Aineik(cs t−R)

R
cos nψ ×

∫ a

b
Jn(kr sin ξ)χ(r)rdr . (17)

From this expression of velocity potential, one can calculate
the pressure fluctuation and velocity using eqn. (9). Taking the
real part of the velocity potential,

φr = 	
(

Aineik(cs t−R)

R

)
cos nψ ×

∫ a

b
Jn(kr sin ξ)χ(r)rdr ,

(18)

corresponding to the real part of the velocity ∂W
∂t =

χ(r) cos (nθ) cos (kcs t), the intensity of the acoustic wave at
any point at distance r ′ can be written as the product of pres-
sure and particle velocity at that point [21]. The corresponding
power radiated across a hemispherical surface of radius R, is
obtained by integrating the intensity over the hemispherical
fluid domain and can be written as

d Eflux

dt
=

∫ 2π

0

∫ π
2

0
−ρ f

(
∂φr

∂ t

∂φr

∂R
R2 sin ξ

)
dξdψ. (19)

The flux of energy dissipated in the form of sound waves
per cycle is given by,


EMF =
∫ 2π

ω

0

d Eflux

dt
dt = U A2. (20)

The expression for U is obtained by substituting the velocity
potential, φr , in the power radiated eqn.(19). The parameter U
depends on fluid properties, geometric properties, mode shapes
and its corresponding frequency of oscillation of the resonator
as given below,

U = −ρ f R
∫ π

2

0

(∫ a

b
Jn(krsinξ)χ(r)rdr

)2

sinξdξ

×
∫ 2π

0
cos2(nψ)dψ

∫ 2π
ω

0

∂

∂ t

(
	(i neik(cs t−R))

)

× ∂

∂R

(
	(i neik(cs t−R))

R

)
dt. (21)

The input kinetic energy of the plate is given as [19], [26]

Estored = 1

2
ρsd0

∫ 2π

0

∫ a

b
(χ(r)A cos nθ)2rdrdθ = V A2.

(22)

Based on the definition of quality factor [44], we get,

Qac = 1

2ζ
= 2π

Estored


EMF
= 2π

V

U
= 2π

δ
, (23)

where δ = U/V , and is given by,

δ = −ρ f

ρs

R

d0

∫ π
2

0

(∫ a
b Jn(krsinξ)χ(r)rdr

)2 sinξdξ∫ a
b χ

2(r)rdr

×
∫ 2π

ω

0

∂

∂ t

(
	(i neik(cs t−R))

) ∂

∂R

(
	(i neik(cs t−R))

R

)
dt,

(24)

and ω = 2π f , where, f being the frequency of the vibrating
plate. Although the final expression of the quality factor
looks very simple, it requires the computation of δ which
is mode dependent. Since the computation of the parameter
requires successive differentiation and numerical integration,
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Fig. 4. Flow chart for computing acoustic radiation damping.

we perform these steps in MATLAB and MAPLE. The entire
set of calculations is somewhat involved but algorithmic.
We, therefore, present the sequence of calculations to be done
as a schematic flow chart in Fig. 4.

There are two major computational blocks that we present
separately for conceptual clarity. As is evident from Fig. 4, the
computation involves some FEM analysis along with computer
algebra and general numerics as described in the following
section.

C. Steps Involved in Acoustic Damping Calculations

1) Modal analysis with no fluid: The goal here is to obtain
an analytical expression for the mode shapes of interest
and determine the corresponding frequencies for a given
prestress σr . We do this by the following sequence of
steps.

• Use FEM based modal analysis for the resonator
in ANSYS and find numerical values of the natural
frequencies fi of interest.

• Use the numerically obtained natural frequencies to
obtain the initial estimate for the frequency parame-

ter βi using fi = βi
2π

√
Ed2

0
12ρs(1−ν2)

. Plug this estimate

in the nonlinear algebraic equation for βi obtained
as the characteristic equation for βi by substituting
boundary conditions in eqn.(4), and solve for exact
βi using numerical iteration (MATLAB).

• Find exact fi using exact βi , and by solving the
set of homogeneous equations given by boundary
conditions on the mode shape, along with the mode
normalization condition, determine Amn , Bmn , Cmn ,
Dmn , and thus the mode shape is given by eqn. (4).

2) Acoustic radiation loss computation: We need to evalu-
ate the loss of energy from the resonator to the surround-
ing fluid in the form of acoustic radiation per cycle of
vibration. The computational steps are as follows.

• Find the velocity potential φ derived by Lamb [19]
using the exact mode shapes found through the
modal analysis.

• Use the velocity potential to determine the flux of
energy radiated in the form of acoustic waves per
cycle of oscillation.

• Compute the mean kinetic energy of the resonator
as energy stored.

• Use the radiated energy and the input energy to find
the quality factor Qac using eqn. (23).

This is the hybrid sequence of analytical and numerical
steps that we follow to evaluate the acoustic quality factor
for each mode of vibration of the resonator. We can also use
the procedure described above to compute the quality factor
for an unstressed thin solid circular plate by setting b = 0,
σr = 0 and χ(r) = Amn Jn(

√
βr)+ Cmn In(

√
βr).

IV. SQUEEZE FILM DAMPING CALCULATIONS

We use a finite element model for the air film between the
resonator structure and the fixed substrate in order to determine
the pressure variation in the film and subsequently the squeeze
film damping force. The finite element analysis is carried out
using ANSYS. The air film is modeled using 2D 4-noded
fluid elements with pressure degrees of freedom at each node.
The hole effect is modeled using 1D 2-noded fluid element.
The fluid elements are coupled to the resonator structure mod-
eled with 8-noded prestress solid elements. The coupled model
is shown in Fig. 5. ANSYS solves Reynolds equation in the
squeeze film domain taking velocities at structural nodes as the
input boundary conditions for the fluid domain on the dynamic
interface. ANSYS integrates the pressure field and computes
the corresponding stiffness and damping coefficients. The final
output is the damping ratio from which we compute Qsq.
The Knudsen number, a measure of rarefaction is defined as
the ratio of the mean free path, λm (65 nm, at ambient pressure
and temperature) of air molecules in the air gap at specified
macroscopic thermodynamic pressure and temperature to the
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Fig. 5. (a) Finite element model of the resonator using different elements
for the solid and fluid regions. 1©: 4-noded 2D FLUID136 elements with
velocity boundary conditions extracted from modal analysis of adjacent
solid elements, 2©: 8 noded SOLID185 elements that supports prestress,
3©: Ambient pressure specified on the node of FLUID138 elements to capture

hole effect and 4©: Common nodes of solid and fluid elements that exchange
compatible structure-fluid velocities. (b) Pressure contours of squeeze film
cavity for a diametral mode.

characteristic flow length, d2. The Knudsen number of the flow
is 0.1136, and falls in the range of transition flow regime [45].
Therefore the rarefaction effect has to be accounted for which
is readily done by using an effective viscosity model [45].
We compute μeff and input this value in ANSYS in order to
account for rarefaction. Fig. 5(a) shows the schematic finite
element model of the resonator and Fig. 5(b) depicts the
squeeze film pressure in the thin air cavity of the drum head
resonator.

V. RESULTS AND DISCUSSION

In this section, we first discuss the results for quality
factor due to acoustic damping and then due to squeeze
film damping under prestress effect. Subsequently we find
the net Q and compare the results with experimental values
obtained by Southworth et al. [8]. To do the analysis, we
take the dimensions and material properties of the structural
and the fluid domains used by Southworth et al. [8] in their
experimental studies.

A. Acoustic Damping

We first discuss the acoustic damping results for an
unstressed solid circular plate oscillating in contact with the
surrounding fluid. For the analysis of the solid plate, we simply
take the inner radius to be zero, i.e., b = 0, σr = 0, and rest
of the parameters remain the same.

Fig. 6. Normalized circular mode shapes of a clamped and unstressed solid
circular plate.

Fig. 7. Normalized diametral mode shapes of a clamped and unstressed solid
circular plate.

1) Solid circular plate: We compare the frequency and
quality factor based on the exact mode shapes given by eqn. (7)
and the approximate mode shapes used by Lamb for the
first two modes. Fig. 6 and 7 show the comparison between
the normalized exact mode shape (ems) and the normalized
approximate mode shape (ams) for the axisymmetric mode
with zero nodal circle, i.e., (m = 0, n = 0) and single nodal
diameter mode (m = 0, n = 1), respectively. As is evident
from these figures, the exact mode shape differs from the
approximate one in spatial amplitude variation. The variation
is significant enough to cause non-negligible differences in
the radiated acoustic power. This is precisely what we see
in the computed values of corresponding Q, listed in Table I.
The difference in amplitude variation across the plate between
the two mode shapes causes very significant change in the
corresponding Q. In particular, the approximate mode shape
used by Lamb in the second mode overestimates the radiative
losses by as much as 42%. This approximation may lead to



VISHWAKARMA et al.: EVALUATION OF MODE DEPENDENT FLUID DAMPING 341

TABLE I

QUALITY FACTORS ASSOCIATED WITH EXACT AND APPROXIMATE MODE

SHAPES CORRESPONDING TO CIRCULAR AND DIAMETRAL MODES OF

UNSTRESSED CIRCULAR SOLID THIN PLATE

even bigger difference when we try to compute the Q’s for a
prestressed annular plate in the next section.

2) Annular plate: We now consider the annular plate shown
in Fig. 2. We intend to compare our analytically computed
results with experimental results of Southworth et al. [8].
We use the procedure outlined in section III (A) to obtain
the exact mode shapes of the annular resonator and use these
mode shapes to compute the corresponding Q for each mode.
In order to estimate the correct value of prestress in the
resonator, we compare the experimentally obtained frequencies
with the frequencies obtained from the thin annular plate
model with varying levels of prestress. We find that the
computed frequencies without considering the prestress give
lower values as compared to the experimental values listed
in Table II. However with a prestress value of 96 MPa, the
computed frequencies are found to be the closest in all modes
to the experimental results with a maximum percentage error
of about 4%. The detailed results are tabulated in Table II.
Therefore, we take 96 MPa prestress value for computing
acoustic radiation losses. Our focus here is on computing
Qac—the quality factor associated with acoustic radiation
losses—and understanding its variation in different modes of
vibration. In order to highlight the effect of prestress on Qac,
we plot the computed values of Qac without prestress and
with prestress values of 96 MPa and 400 MPa respectively
in Fig. 8. As we can see, the variation in Qac over the first
few modes (<40 MHz) is marked with a local maximum and a
minimum for the unstressed case. Beyond this range, however,
Qac increases monotonically. Nevertheless, it is also found that
the magnitude of such maximum and minimum reduces as the
prestress increases. Figure 8 shows the absence of maximum
and minimum corresponding to the prestress level of 400 MPa.

As the mode number increases, the resonator starts behaving
like many point sources and addition of more such sources
with increasing mode number makes less and less difference to
Qac leading to a somewhat predictable, monotonic and slower
increase in Qac. We point out here that we have ignored any
acoustic radiation from the central hole itself in our analysis.
The hole area is about 1% of that of the resonator and we find
no appreciable fluid volume oscillations in the hole to effect
acoustic radiation. The fluid flow in the hole is bulk flow due
to squeeze film and the related losses are accounted for in the
next section on squeeze film damping.

B. Squeeze Film Damping

For the given device, the squeeze-film region is formed
between the drumhead and the fixed bottom substrate as shown

Fig. 8. Calculated acoustic radiation loss based quality factor Qac variation
with resonant modes for prestress levels of 0, 96 and 400 MPa.

Fig. 9. Calculated squeeze film loss based quality factor, Qsq variation with
resonant modes for prestress levels of 0, 96 and 400 MPa.

in Fig. 1(b). The squeeze-film damping (Q−1
sq ) corresponding to

different modes of annular thin plate subjected to the prestress
level of 0, 96 and 400 MPa are computed by following the
procedure described in section IV. Figure 9 shows the variation
of Qsq with different modes of vibration. It is found that
the damping in the fundamental mode is the highest of all
the modes because of the large displacement of the fluid in the
squeeze-film region. However, as the mode number increases
(along with frequency), the damping due to the squeeze film
mechanism is reduced and the quality factor increases.

Figure 9 shows the monotonic increase in the squeeze-
film based quality factor, Qsq, from 5 to 21 000 calcu-
lated for different modal frequencies ranging from 3.4 to
168 MHz for b/a = 0.1087 for unstressed case. However,
we observe a relatively higher Qsq corresponding to the stress
levels of 96 MPa and 400 MPa, respectively. Similar results
can also be obtained for other values of b/a. In higher
modes of oscillation, the maximum displacement of the fluid
decreases and consequently the damping [46] decreases. As
is evident from the figure, the Qsq covers a range of five
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TABLE II

EXPERIMENTAL AND THEORETICAL COMPARISON OF PRESTRESSED ACOUSTIC Q-FACTORS FOR ANNULAR RESONATOR, CLAMPED AT THE OUTER

EDGE (a) AND FREE AT THE INNER EDGE (b) WITH b/a = 0.1087

orders of magnitude over the range of frequencies of interest.
Compared to the Qac, it is easy to see that Qsq dominates
at low frequencies (< 20 MHz) and plays insignificant role at
high frequencies (> 40 MHz).

C. Comparison of Net Q With Experimental Results

To compute the total quality factor for the annular thin
plate subjected to the prestress of 96 MPa, we use 1/Qnet =
1/Qac + 1/Qsq + 1/Qrest. We use this relationship to evaluate
the relative contribution of Qac to Qnet (experimentally, Qnet
is Qexp). Here, we present results from the computation of
squeeze-film damping and acoustic radiation damping in the

fluid medium under different operating modes characterized
by (m, n), compare computed values with experimental results
reported earlier [8]. We show that these two damping mech-
anisms correctly predict the Q of the resonator over a large
frequency range. On comparing the net quality factor,

Qnet =
(

1

Qac
+ 1

Qsq

)−1

, (25)

with the experimental results for b/a = 0.1087 [8] as shown
in Fig. 10, we find that, at lower harmonics, the squeeze-
film effect dominates and for higher harmonics the acoustic
damping dominates the Qnet. The relative contribution of
the two dissipative mechanisms is shown in the form of
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Fig. 10. Comparison of total Q-factor based on squeeze film and acoustic
losses for prestress level of 96 MPa, with experimental result [8].

the Qac/Qsq ratio plotted in Fig. 10 using the right axis.
This ratio varies over two orders of magnitude, clearly indi-
cating the regions of dominance of one mechanism over the
other in various modes. The first three modes (< 20 MHz)
are dominated by Qsq, the next three modes require both Qac
and Qsq and the rest of the higher modes (> 40 MHz) are
dominated by Qac. The results obtained for acoustic radiation
losses are interesting because of their non-monotonic variation.
The presence of a local maximum and a minimum in Qac for
lower harmonic oscillation modes has significant implications
in the design of a MEMS or NEMS resonator. However, such
effects can be controlled using pre-stress level. If the design
constraints allow other modes of dissipation to be suppressed
(e.g., squeeze film damping can be more or less eliminated
by increasing the cavity height considerably or by increasing
the density of etch holes [47]–[49]) and acoustic losses to be
dominant, then one can choose to operate the resonator in the
mode corresponding to the local maximum of Qac to get a high
Q device. The non-monotonic behavior of Qac in the first few
modes of the resonator is not intuitive but can be explained
by invoking the concept of acoustic radiation efficiency [50],
[51] which depends on different acoustic radiation parameters
such as mode number, intranodal area, intranodal aspect ratio
factor as defined in [51]. It is known that different modes of
a resonator have different radiation efficiencies, some modes
being better radiators than others.

It is evident that the acoustic radiation losses depend on
the surrounding fluid medium and the design of the resonator
structure. The radiation efficiency of the structure is perhaps
best captured by the ratio of the flexural wave number of the
structure to the acoustic wave number [50], [51]. The flexural
wave number depends on the thickness of the resonator, its
flexural rigidity, and its natural frequency. These are not
independent design variables. Furthermore, the radiation in
higher modes of oscillation depends on the complex interplay
of odd and even nodal numbers, intranodal areas, etc., [51].
Thus, in order to make definitive recommendations on design
parameters of the resonator, one needs to carry out a separate
analysis, perhaps with target Q in mind.

Here, we must point out that we have not considered
internal thermoelastic and support losses. In our experience,
such losses [29] are typically one to two orders of magnitude
smaller than the fluid interaction related losses considered
here. The final comparison with experimental results is a clear
evidence of the dominance of fluid damping.

VI. CONCLUSION

We have presented a detailed procedure for computing
acoustic damping using exact mode shapes in various modes of
vibration of a prestressed annular plate with fixed outer edge.
We have also compared the computed Q-factor associated with
acoustic radiation for various modes of a micromechanical
drum head resonator with published experimental values where
the experimental results report the net Q in various modes.
We have shown that the contribution of Qac to the net Q is
dominant for higher modes (above the 5th mode of vibration)
and accounts for almost 80% of the net Q. However, the
quality factor in the first two modes are governed by squeeze
film dissipation mechanism. It is also found that the quality
factor based on the squeeze film, Qsq, increases monotonically
with the higher modes of vibration for prestress levels of
0, 96 and 400 MPa respectively. However, the variation of
acoustic damping based quality factor, Qac, is quite different
over the first few modes in the unstressed state. It is found that
Qac attains a maximum before decreasing and then increasing
monotonically. The effect of increase in the prestress dimin-
ishes such variations in Qac, and brings about the monotonic
variation in the complete frequency range. However, the mag-
nitude of such effects can be controlled by proper prestress
condition. Comparison with published experimental results
validates the predictive utility of the calculations, especially
for higher modes where acoustic radiation seems to be the
dominant constituent of Q. Qac-like variation is not observed if
the net quality factor is dependent both on the squeeze film as
well as acoustic damping. The analysis presented in the paper
can be extended to different MEMS and NEMS structures to
compute acoustic damping.

APPENDIX A

SYSTEM OF LINEAR AND HOMOGENOUS EQUATIONS FOR

THE FOUR CONSTANTS Amn , Bmn , Cmn AND Dmn

Amn Jn(Sa)+BmnYn(Sa)+Cmn In(S̃a)+Dmn Kn(S̃a)=0,

(26)

Amn

[
n

S̃a
Jn(Sa)− S

S̃
J(n+1)(Sa)

]

+Bmn

[
n
S̃a

Yn(Sa)− S
S̃

Y(n+1)(Sa)
]

+Cmn

[
n

S̃a
In(S̃a)+ I(n+1)(S̃a)

]

+Dmn

[
n

S̃a
Kn(S̃a)− K(n+1)(S̃a)

]
= 0,

(27)

Amn F1(ν, n, Sb, S̃b)+Bmn F2(ν, n, Sb, S̃b)−Cmn F3(ν, n, S̃b)

−Dmn F4(ν, n, S̃b) = 0, (28)

Amnφ1(ν, n, Sb, S̃b)+Bmnφ2(ν, n, Sb, S̃b)−Cmnφ3(ν, n, S̃b)

−Dmnφ4(ν, n, S̃b) = 0, (29)
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∣∣∣∣∣∣∣∣∣

Jn(Sa) Yn(Sa) In(S̃a) Kn(S̃a)
n
S̃a

Jn(Sa)− S
S̃

J(n+1)(Sa) n
S̃a

Yn(Sa)− S
S̃

Y(n+1)(Sa) n
S̃a

In(S̃a)+ I(n+1)(S̃a) n
S̃a

Kn(S̃a)− K(n+1)(S̃a)

F1(ν, n, Sb, S̃b) F2(ν, n, Sb, S̃b) −F3(ν, n, S̃b) −F4(ν, n, S̃b)
φ1(ν, n, Sb, S̃b) φ2(ν, n, Sb, S̃b) −φ3(ν, n, S̃b) −φ4(ν, n, S̃b)

∣∣∣∣∣∣∣∣∣
= 0 (38)

where, the functions F1, F2, F3, F4, φ1, φ2, φ3 and φ4 are
defined by eqns. (30)-(37) as mentioned on the appendix B.

APPENDIX B

EXPRESSIONS FOR FUNCTIONS F1, F2, F3, F4,
φ1, φ2, φ3 AND φ4

F1(ν, n, Sb, S̃b)=
(

S2

S̃2
Jn(Sb)− (1 − ν)

×
[

n(n − 1)

(S̃b)2
Jn(Sb)+ S

S̃2b
J(n+1)(Sb)

])

(30)

F2(ν, n, Sb, S̃b)=
(

S2

S̃2
Yn(Sb)− (1 − ν)

×
[

n(n − 1)

(S̃b)2
Yn(Sb)+ S

S̃2b
Y(n+1)(Sb)

])

(31)

F3(ν, n, S̃b)=
(

In(S̃b)+ (1 − ν)

×
[

n(n − 1)

(S̃b)2
In(S̃b)− 1

S̃b
I(n+1)(S̃b)

])

(32)

F4(ν, n, S̃b)=
(

Kn(S̃b)+ (1 − ν)

×
[

n(n − 1)

(S̃b)2
Kn(S̃b)+ 1

S̃b
K(n+1)(S̃b)

])

(33)

φ1(ν, n, Sb, S̃b)= S2

S̃2
n Jn(Sb)−( S3

S̃2
b)J(n+1)(Sb)+ n2(1 − ν)

(S̃b)2

× [
(n − 1)Jn(Sb)− (Sb)J(n+1)(Sb)

]
(34)

φ2(ν, n, Sb, S̃b)= S2

S̃2
nYn(Sb)−( S3

S̃2
b)Y(n+1)(Sb)+ n2(1 − ν)

(S̃b)2

× [
(n − 1)Yn(Sb)− (Sb)Y(n+1)(Sb)

]
(35)

φ3(ν, n, S̃b)=nIn(S̃b)+(S̃b)I(n+1)(S̃b)− n2(1 − ν)

(S̃b)2

×
[
(n − 1)In(S̃b)+ (S̃b)I(n+1)(S̃b)

]
(36)

φ4(ν, n, S̃b)=nKn(S̃b)−(S̃b)K(n+1)(S̃b)− n2(1 − ν)

(S̃b)2

×
[
(n − 1)Kn(S̃b)− (S̃b)K(n+1)(S̃b)

]
(37)

APPENDIX C

DETERMINANT OF THE COEFFICIENT MATRIX OF

EQNS. 26–29

The characteristic equation for frequency parameter β is
given by eqn. (38), shown at the top of the page.
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