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A semi-analytical study of the acoustic radiation losses associated with various transverse vibration modes of a micromechanical (MEMS) annular resonator is presented. The quality
factor, Q, of such resonators is of interest in many applications and depends on structural geometry, fluid-structure interaction, and the device encapsulation. Resonators with at least one
surface exposed to air can display significant losses through acoustic radiation even at µm
dimensions. In this study, well established analytical techniques for modeling resonator vibration modes and fluid-structure interaction are used in conjunction with numerical and symbolic
computation to establish a semi-analytical procedure for computing Q due to acoustic radiation losses, Qac , in any vibrational mode. The procedure includes calculation of the exact
modeshape using computer algebra with an FEM based calculation as the starting point. This
modeshape is then used for acoustic field calculations that lead to the computation of Qac . The
computed values of Qac show a non-monotonic variation with the increasing modal frequencies. This non-monotonic variation in Qac is attributed to the radiation efficiency associated
with various modes of the annular resonator. There exists an inverse relationship between the
acoustic radiation efficiency and the Qac for various resonant frequencies. With the increase
in the number of nodal circles and diameters, the radiation efficiency decreases and hence Qac
increases. Results are compared for the lowest two modes of a solid circular resonator using
exact mode shapes to those of Lamb’s approximate mode shapes. Comparison to published
experimental results validates the predictive utility of the proposed technique, especially for
higher modes where acoustic radiation is the dominant constituent of Q. The hybrid analyticalcomputational procedure established here can be used in choosing appropriate mode shapes of
the resonator for the desired Q.
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1.

Introduction

Development of micromechanical resonators have many advantages such as low weight, low
power requirement [1] and can also be batch processed by the microfabrication techniques. Dynamic
micromechanical resonators such as RF filters [2], mass sensing [3], etc., are generally designed to
have high quality factor (Q) [4]. Therefore, understanding the dominant dissipation mechanism that
controls the quality factor is important in order to design sensitive sensors. In this paper, we quantify
the losses due to acoustic radiation in an annular membrane fixed at its edges. Such problem has been
of significant interest in a wide range of systems such as underwater structure [5] to the vibration of
nano circular drum resonator in contact with surrounding fluid [6]. Such fluid-structure interaction
problem induces two important effects, namely, the added mass effect and the acoustic radiation
effect. In this paper, we show the effect of the acoustic radiation losses on the quality factor in higher
modes of the vibrating annular plate with fixed outer boundaries.
Initial studies of fluid loading on vibrating rigid disk was observed by Lord Rayleigh [7]. Subsequently, Lamb [5] investigated the fluid loading effect on the first two resonant modes of a circular
membrane clamped along its outer edge. Additionally, the effect of acoustic related losses was also
found corresponding to those two modes. However, the acoustic loss computation was based on the
approximate mode shapes. Using the exact mode shape, Amabili et al. [8, 9] analyzed the added
mass effect on the resonant frequency of the structure using Hankel Transform. Such fluid-structure
interaction effects have recently been analyzed in the context of Micro and Nano Electro Mechanical
Systems (MEMS/NEMS) structures to study the added mass effect. Our main objective in the present
study is to compute acoustic losses and the associated quality factor in different modes of an annular
micromechanical resonator clamped at its outer edge.
To describe the acoustic radiation losses in various oscillatory modes of the annular plate, the
corresponding mode shapes of the structure are obtained. Subsequently, the effects of the surrounding
fluid on the associated natural frequencies and the Q-factor are analyzed using the corresponding
mode shape. In the present study, the ”added mass” effect on the frequencies of the structure is
negligible. However, the surrounding air affects the Q-factor significantly because of the acoustic
losses. Following the analytical approach proposed by Amabili et al. [8, 9], we compute the acoustic
radiation loss based quality factor, Qac . Subsequently, we do comparisons, first, with Lamb’s results
for the first two modes, and then other experimental results [6] for the higher modes of the resonator.
We observe a non-monotonic variation in Qac which may be due to the radiation efficiency associated
with different modes of the annular resonator. Finally, we show that there exists an inverse relationship
between the acoustic radiation efficiency, and the Qac for different resonant frequencies.

2.

Mathematical Modeling

Here, we are interested in the acoustic radiation losses from an annular micromechanical resonator. Therefore, we consider an annular plate of inner radius b and outer radius a, with the outer
edge fixed along the periphery and the inner edge completely free as shown in Fig. 1. For acoustic radiation, we only consider the upper hemispherical region of the fluid surrounding the structure, since
the resonator is on a rigid substrate with a very small cavity between the resonator and the substrate.
2.1

Modal Analysis

First, we need to find the exact mode shape of the annular plate. Such analysis is not new;
vibration of annular plates fixed at the outer boundary has been studied extensively and reported in
the literature. We only need to capture the essential elements of the analysis here. Due to circular
geometry, we use polar co-ordinates to facilitate computation. Using the standard thin plate theory
with the assumptions of linear elastic, homogeneous and isotropic material, the governing equation
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Figure 1. Schematic of semi-hemispherical fluid domain above the vibrating annular plate.

for the transverse vibration of the plate is, [10]
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where, the Laplacian operator, ∇2 = ∂r
2 + r ∂r + r 2 ∂θ 2 , and D = 12(1−ν 2 ) is flexural rigidity of the
plate, ρs is the density, and d0 is the uniform thickness of the plate. The modal solution to Eq. (1)
with W (r, θ, t) = w(r, θ)eiωt , is given in terms of Bessel’s functions [11],

w(r, θ) = [Amn Jn (βr) + Bmn Yn (βr) + Cmn In (βr) + Dmn Kn (βr)] cos(nθ),

(2)

where, m is the number of nodal circles, and n is the number of nodal diameters. The frequency
parameter, β 4 = ρsDd0 ω 2 is obtained by solving the frequency equation with the appropriate boundary conditions by suitable root finding technique with initial guess, obtained by performing FEM
modal analysis of the plate. The constants, Amn , Bmn , Cmn , and Dmn are defined based on orthonormalization condition. For the solid circular plate, we take the limiting case of b →0, which results
in the following expression for the transverse displacement.
w(r, θ) = [Amn Jn (βr) + Cmn In (βr)] cos(nθ).

(3)

The equations discussed above give natural frequencies and the corresponding modeshapes of the
plate in vacuum. In the presence of a surrounding fluid, there is some mass loading due to the fluid that
changes the natural frequencies. The mode shapes however, can still be assumed to remain unaffected
as is commonly assumed in fluid-structure interaction problems [8, 9]. Here, we do include changes
in the natural frequencies of the plate due to the fluid (air) loading. Our central problem is to estimate
the energy carried away by the acoustic waves propagating in the fluid medium due to the oscillating
plate. When the plate oscillates, it sets up a velocity field in the surrounding fluid which is best
analyzed using the associated velocity potential, ϕ. The velocity potential is related to the pressure
and the particle velocity through the following expressions [12],
p = −ρf
ICSV20, Bangkok, Thailand, July 7-11, 2013
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For small pressure perturbations in a medium, the velocity potential must satisfy the following governing equation [13],
1 ∂ 2ϕ
∇2 ϕ − 2 2 = 0,
(5)
cs ∂t
where, cs is the speed of acoustic waves in the fluid. In our problem, the semi-infinite fluid domain
above the oscillating plate imposes Sommerfeld boundary conditions of vanishing velocity and its
gradient at the infinite boundary (as r → ∞). With this condition, the real part of the velocity
potential is given by,
(

)
A(t)in eik(cs t−R) ∫ a
ϕr = Re
Jn (krsin(ξ))w(r, θ)rdr,
R
b

(6)

where, A(t) is the time dependent amplitude of oscillation, R is the radial distance from the center of
the resonator to the acoustic field point at which the velocity potential is desired, θ is the azimuthal angle measured on the surface of plate. The power radiated by a particular mode across a hemispherical
surface of radius R with its zenith angle variation ξ, is obtained by integration the acoustic intensity
over the hemispherical fluid domain as, [5],
dEf lux ∫ 2π ∫ 2
−ρf
=
dt
0
0
π

(

)

∂ϕr ∂ϕr 2
R sin(ξ) dξdθ.
∂t ∂R

(7)

The mean flux of energy emitted in the form of the sound waves is given by,
∫

EMF =

2π
ω

0

∫

dEflux
dt
dt
2π
ω

0

= U A2 (t).

(8)

dt

The parameter U depends on fluid properties, geometric properties and frequency of oscillation of the
resonator. We write the mean kinetic energy of the plate and adjacent fluid as, [5, 9]
Estored = TP (1 + βmn ) = V A2 (t),

(9)

where, TP is the mean kinetic energy of the plate, and βmn is the added virtual mass incremental
factor [8, 9]. In steady state, the rate of addition of energy from the external source must be equal to
the rate of energy emitted into the acoustic field. Therefore,
dA(t)
= −δA(t),
(10)
dt
where, δ = U/V , and is analogous to decay constant, ζω [14]. Based on the definition of the quality
factor [14], we get,
1
ω
Qac =
= √
.
(11)
2ζ
2δ 1 + βmn
The expression for Qac clearly shows that we need to find δ and βmn in order to find Qac . But,
both these quantities are mode dependent and their computation requires fair amount of algebra and
numerics for evaluation of the involved derivatives and integrals. We accomplish this task by using
MATLAB and MAPLE in tandem.
2.2

Acoustic Quality Factor for Approximate Mode Shapes

We now illustrate the computation of Qac given by Eq. (11) for the first two modes using Lamb’s
approximate mode shapes. Once the mode shape w(r, θ) is assumed or determined, we find the
velocity potential ϕ given by Eq. (6) and proceed through Eqs. (7)-(10) to determine the equivalent
decay constant, δ. Since δ is dependent on the mode shape, let us denote by a new variable αi , where
i is the mode number. We now present the expressions for the relevant quantities for computing Qac
in the first two modes.
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• Mode - 1: We use Lamb’s approximate mode shape for mode-1, given by,
(

r2
w(r) = C 1 − 2
a

)2

.

(12)

Note that this is an axisymmetric mode, and hence independent of θ. Using this mode shape,
we find that,
5 ρf
ω 2 a2
ρair a
, β00 = 0.6689
,
(13)
α1 =
36 ρs (1 + β00 )d0 cs
ρs d0
and therefore,
(Qac )i =

1
ω
√
.
=
2ζ
2αi 1 + βmn

(14)

• Mode - 2: The Lamb’s approximate mode shape for diametral mode-2, is given by,
(

r2
w(r, θ) = C 1 − 2
a

)2

r cos(θ).

(15)

The corresponding αi and βmn are given below,
α2 =

ρf K 4 a4 cs
5
ω
ρair a
(1 + β01 )−1
, K = , and β01 = 0.3087
.
576
ρs (1 + β01 )d0
cs
ρs d0

(16)

The parameters computed for the approximate mode shapes are listed in Table 1.
Table 1. Approximate circular and diametral mode shapes associated Q-factors of circular solid plate.

Mode no.
1
2

3.

(m, n)
(0, 0)
(0, 1)

w(r, θ)
(

(

C 1−

C 1−

r2
a2

)2

r2
a2

αi
)2

r cos(θ)

βmn

(Qac )i =

2αi

√ω

1+βmn

1.064135e5 0.021129

99.9404

1.656637e5 0.009751

134.3513

Results and Discussions

To do the analysis, we take the following dimensions and material properties of the structure
and the fluid domains based on the test structure used by Southworth et al. [6] in their experimental
studies. Here, the annular plate is made of polysilicon with Young’s modulus, E = 150 GPa, the
density, ρs = 2330 kg/m3 , and the Poisson’s ratio, ν = 0.22. It has an outer radius of a = 18.4 µm,
inner radius of b = 2 µm and a thickness of d0 = 300 nm. The plate is surrounded by air having
density, ρf = 1.2 kg/m3 under constant ambient temperature, T = 293 K and pressure, P = 1.013 ×
105 Pa. For the analysis of the solid plate, we simply take the inner radius to be zero, i.e., b = 0 and
rest of the parameters remain the same.
3.1

Solid Circular Plate

We first compare the results for the frequency and the quality factor in the first two modes of the
resonator using (a) the exact mode shapes as given by Eq. (3), and (b) the approximate mode shapes
proposed and used by Lamb [5]. We plot the normalized mode shapes, both exact and approximate,
in Fig. 2 for the first two modes (m = 0, n = 0; and m = 0, n = 1). The difference in the amplitude
along the spatial coordinates between the exact and the approximate mode shapes is clearly visible
in the Figure. The quality factors computed for circular modes using ems and ams are 116 and 100
respectively, whereas for the diametric modes the corresponding quality factors are found to be 233
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Exact Axisymmetric Mode Shape (ems),we (r ) = A00 J 0 ( β r ) + C00 I 0 ( β r )
Exact Diametral Mode Shape (ems),we (r ) = A01 J1 ( β r ) + C01I1 ( β r )
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Figure 2. Normalized circular and diametral mode shape of a clamped solid circular plate.

and 135. The difference in the computed Quality factors are non-negligible. The small amplitude
variations between the exact mode shape and the approximate mode shape are sufficient to cause
significant differences in the quality factors. In particular, the approximate mode shape of Lamb [5]
for the second mode results in an over estimation of the radiation losses by as much as 42%.
3.2

Annular Plate

Our mathematical formulation allows us to analyze the annular plate withe equal ease. We
consider the annular plate shown in Fig. 1 and find the acoustic losses and the corresponding quality
factors for several mode shapes. We compare our results with the experimental results of Southworth
et al. [6]. Therefore, we take the geometry and the material properties used in Southworth et al. for
their drum resonator. For this resonator, the annular plate has fixed outer edge with the ratio of inner
to outer radii as 0.1. Moreover, the lower surface of the plate is close to another fixed-fixed plate but
the upper surface is open to the surrounding air. Based on this geometric configuration, there are two
major source of energy dissipation: the squeeze film damping due to the trapped air film in the cavity
below the resonator and the acoustic damping due to the acoustic radiation in the free space above the
resonator surface. We use the procedure discussed above in Section 2 to compute the corresponding
Q for each mode. The results are shown in Fig. 3(a).
We also include the experimental results by Southworth et al. in the Fig. 3(a). We limit our
attention here to the acoustic radiative losses and the corresponding quality factor Qac in different
modes of vibration. Here, acoustic radiation is not the only damping mechanism; we do not expect
to match the experimentally obtained Q values with the computed Qac . A comparison of the two Q’s
in the Fig. 3(a) clearly indicates the relative contribution of Qac is very low in the lower modes of
vibration and becomes dominant in the higher modes. It is well known that squeeze film damping
is high at lower frequencies [15] and hence probably contributes maximum to the damping up to
the fourth mode of vibration. It is interesting to see that the variation of Qac is not monotonic with
increasing frequency over the entire frequency range. It has a markedly different behavior in the lower
modes, but settles down to a more predictable, almost monotonic trend, in the higher modes. The
unsettled behavior in the lower modes can be explained qualitatively by looking at the corresponding
mode shapes in Fig. 3(a) and considering the relative efficiency of these modes in transferring the
resonator’s energy into the acoustic radiative field.
In acoustics, this efficiency is captured by a term called acoustic radiation efficiency, σ [16]
which is defined as the ratio of acoustic radiated power of a particular mode of annular resonator to
the acoustic power radiated by a uniformly vibrating baffled piston at a frequency for which the piston
ICSV20, Bangkok, Thailand, July 7-11, 2013
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Figure 3. (a) Acoustic quality factor computed for experimental measurement carried out on a circular region
as shown in SEM picture; (b) Acoustic radiation efficiency as a function of modal frequencies.

circumference greatly exceeds the acoustic wavelength. With some algebraic manipulations, one can
show that, for a given mode shape, σ is related to Qac by the following expression,
σ=

ρs d0 (1 + βmn )ω
√

.

(17)

ρf cs Qac (1 + βmn )
We can compute σ for any given mode just from power computation and relate it to Qac . With
increasing mode number, the nodal diameters and nodal circles increase in number, dividing the structure into several tiny vibrating substructures, effectively making it a collection of many point sources.
After a certain number of such sources, addition of more sources makes less and less difference to Qac
resulting in a monotonic and slow increase in Qac . Therefore, one can simply compute σ for a given
resonator for various modes, normalize with frequency, and select the mode with the least σ, for the
highest Qac . For the resonator considered here, there is considerable variation in σ at lower modes
(see Fig. 3(b)). Based on σ, it is clearly found that the maximum power is radiated by the mode at
approximately 27 MHz while the nearby local minimum exists at around 17 MHz radiating comparatively less power. However, as the number of nodal circles (m) and nodal diameters (n) increases,
the mode shape start resembling an increasing number of point sources with decreasing radiation efficiency. It is largely because of larger areas associated with nodal regions which do not participate
significantly in the motion, leading to monotonic but slow increase in Qac in higher modes.

4.

Conclusions

In this paper, the computational procedure for estimating the acoustic losses using exact mode
shapes corresponding to various modes of vibration of an annular plate, fixed only at its outer edge
is presented. The mode shapes of a solid circular plate, as a limiting case of the annular plate, with
inner radius set to zero, are also computed. The computed Q factors for the solid circular plate
corresponding to Lamb’s approximate mode shapes and the exact mode shape are compared. We
have shown that the difference in the exact mode shape and the approximate mode shape results in
significant change in the Q-factor, in particular as much as 42% in the second mode. The published
experimental values that report the net Q for various annular plate modes are in good agreement with
the computed acoustic Q factor. It is shown that for fifth and higher modes of vibration of annular
plate, the comparison of experimentally observed net Q is in close agreement with the computed Qac
ICSV20, Bangkok, Thailand, July 7-11, 2013
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(the dominant acoustic losses contribute to 80% of experimental values). This study, thus, show that
in higher modes of oscillation of 2-D micro resonators, acoustic radiation losses dominate the net Q
of the device. Therefore, one can select the mode corresponding to the least radiation efficiency in
order to have a high Q operation of the resonator.

REFERENCES
1

Nguyen, C. T.-C., Frequency selective mems for miniaturized low-power communication devices,
IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, 47(8), 1486–1503,
(1999).

2

Chandrahalim, H., Weinstein, D., Cheow, L., and Bhave, S., High-k dielectrically transduced mems
thickness shear mode resonators and tunable channel-select RF filters, Sensors and Actuators A:
Physical, 136(2), 527–539, (2007).

3

Yang, Y. T., Callegari, C., Feng, X. L., Ekinci, K. L., and Roukes, M. L., Zeptogram-scale nanomechanical mass sensing, Nano letters, 6(4), 583–586 (2006).

4

Adiga, V. P., Ilic, B., Barton, R. A., Wilson-Rae, I., Craighead, H. G., and Parpia, J. M., Modal
dependence of dissipation in silicon nitride drum resonators, Applied Physics Letters , 99, 253103–
1–3, (2011).

5

Lamb, H., On the vibrations of an elastic plate in contact with water, Proc. R. Soc. A, 98, 205–216,
(1920).

6

Southworth, D. R., Craighead, H. G., and Parpia, J. M., Pressure dependent resonant frequency of
micromechanical drumhead resonators, Applied Physics Letters, 94, 213506–1–3, (2009).

7

Rayleigh, J. W. S., The Theory of Sound, Dover Publications, New York, vol. 1, 480-481, (1945).

8

Amabili, M., and Kwak, M. K., Free vibration of circular plates coupled with liquids: Revising the
lamb problem, Journal of Fluids and Structures, 10, 743–761, (1996).

9

Amabili, M., Frosali, G., and Kwak, M. K., Free vibration of annular plates coupled with fluids,
Journal of Sound and Vibration, 191, 825–846, (1996).

10

Leissa, A. W., Vibration of plates, NASASP-160, 22–23, (1969).

11

Watson, G. N., A Treatise on the Theory of Bessel Functions, Cambridge University Press, New
York, Chap. 3-5, 38–132, (1922).

12

Kinsler, L. E., Frey, A. R., Coppens, A. B., and Sanders, J. V., Fundamentals of Acoustics, John
Wiley and Sons, United Kingdom, Chap. 5, 113–148, (2000).

13

Skudrzyk, E., The Foundations of Acoustics - Basic Mathematics and Basic Acoustics, SpringerVerlag, New York, Chap. 26, 593–640, (1971).

14

Rao, S. S., Mechanical Vibrations, Addison-Wesley Publishing, Second ed., New York, Chap. 2-3,
63–174, (2011).

15

Pratap, R., Mohite, S., and Pandey, A K., Squeeze film effects in mems devices, Journal of the
Indian Institute of Science, 87(1), 75–94, (2007).

16

Fahy, F. J., and Gardonio, P., Sound and Structural Vibration: Radiation, Transmission and Response, Second ed. Academic Press, New York, 151-152, (2007).

ICSV20, Bangkok, Thailand, July 7-11, 2013

8

