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We describe sensing of chemical vapors from the atmosphere using critically buckled polycrystalline

silicon doubly clamped mechanical resonators coated on one side with polymethyl methacrylate

(PMMA). Our method of sensing is based on stress-induced resonance frequency shifts through

volumetric swelling of the 60 nm thick PMMA layer resulting in altered tension in the beams. The

stress change produces shifts in the resonance frequency as large as 150% of the baseline frequency.

In order to maximize the sensitivity, we tailor residual stress of the polycrystalline silicon resonators

to slightly exceed the critical buckling stress. We incorporate a relatively large gap between the bridge

and a substrate to provide optical readout and minimize squeezed film effects. We show that the larger

gap results in substantial improvements of the quality factor and frequency stability of our resonators

under ambient pressure and temperature conditions compared to previous implementations. These

lead to resonance frequency shift per concentration change of ethanol vapors of �360 Hz/ppm with a

response time of a few seconds measured in our gas delivery and readout system. VC 2012 American
Institute of Physics. [http://dx.doi.org/10.1063/1.4720473]

I. INTRODUCTION

There is a demand for fast, sensitive, and inexpensive gas

sensors. Aiming towards large-scale lab-on-a-chip integration,

the development of microsensors implemented by micro and

nanoelectromechanical systems (MEMS/NEMS) (Refs. 1 and

2) are in progress to be used for various biological, chemical,

and environmental sensing applications.3–6 For example, in

biomedical and clinical studies, miniaturized olfactory micro-

sensors have shown potential to diagnose diseases such as

asthma and diabetes through exhaled breath analysis.7–9 Mini-

aturized chemical gas sensors have been developed to detect

very small amounts of flammable gases and trace explosive

gases for public safety and security uses.10–13 In these applica-

tions, various types of chemical microsensors have been

investigated, such as deflection-based functionalized MEMS

cantilever arrays,14,15 chemiresistors,16 capacitive chemical

microsensors,17 nanowire arrays,13,18 quartz crystal microba-

lance (QCM),19 surface acoustic wave (SAW) devices,20,21

and mass-based detection in NEMS arrays.22,23

In previous work, we demonstrated the stress-based

detection approach and water vapor detection in silicon-

polymer composite resonant microbridges (RMBs).24 Dou-

bly clamped RMBs functionalized with thermally evaporated

nanoporous polymer film exhibited significant positive reso-

nance frequency shifts in a silicon-polymer bilayer due to

stress changes from adsorbed vapors that cause the polymer

layer to swell. This mechanism is dominant over mass-

loading effects from the vapors that would induce negative

frequency shifts. The RMBs under compressive stress have

calculated sensitivity as low as 170 parts-per-million (ppm)

with a few seconds response time.24

Here we report the resonance response of polymer-spin

coated doubly clamped beams to ethanol, benzene, and water

vapor. Our beams operate near their critical bucking stress25

(also known as the Euler stress), where the sensitivity of the

devices can be potentially greater than cantilevers or doubly

clamped beams far away from the critical stress. This critical

stress, rcrit, is known to be25

rcrit ¼
p2

3

Et2

L2
; (1)

where E is the Young’s modulus, t is the thickness, and L is

the effective beam length. Here we demonstrate functionali-

zation of reproducible spin coated polymer layer of a few

tens of nanometers thickness on top of 140 nm thick near-

critically buckled microbridge resonators, yielding sensitiv-

ity and response time comparable to state-of-art devices.14–23

Table I summarizes estimated sensitivities and response

times of some of these methods.

II. EXPERIMENTAL

The RMBs are fabricated using nþ doped polycrystalline

silicon (poly-Si) films grown by low pressure chemical vapor

deposition (LPCVD) at 596 �C on top of a thermal sacrificial

oxide layer. The deposition temperature controls the residual

stress in the poly-Si layer and is selected to consistently yield

a)Authors to whom correspondence should be addressed. Electronic

addresses: jmp9@cornell.edu and hgc1@cornell.edu.
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near-critically buckled 20 lm long and 140 nm thick resona-

tors. The thickness of the poly-Si film is approximately

140 nm, while that of the sacrificial oxide is 1.2 lm; both are

deposited on a (100) silicon substrate. Doubly clamped beams

that are 20 lm long and 2 lm wide are patterned, followed by

wet-etch release and critical point drying of the suspended

beams. The residual compressive film stress is relieved upon

the wet-etch release of the beams, which cause the RMBs to

be slightly buckled either out of plane or towards the silicon

backplane. Prior to their surface functionalization, we deposit

a 1H, 1H, 2H, 2H-perfluorooctyltrichlorosilane (FOTS) mono-

layer on top of the doubly clamped RMB and substrate surface

by molecular vapor deposition. This FOTS monolayer film,

which makes the resonator surface substantially hydrophobic,

prevents stiction of the bridges to the substrate during the last

spin coating process of the functionalizing polymer. A brief

low-power oxygen plasma etch removes the FOTS coating

from the top surface of the wafer. Approximately 60 nm of

polymethyl methacrylate (PMMA), a polymer known as

effective for sensing flammable vapors,26 is then deposited by

spin coating. The thickness of our PMMA layer is estimated

by spin coating a separate silicon piece under the same spin

conditions (measured by FilMetrics F40 (San Diego, CA)).

A schematic of our fabrication process is illustrated in

Figure 1. Both optical microscope and scanning electron

microscope (SEM) images of the spin coated RMBs, which

are presented in Figures 2(a)–2(c), show that the bridges are

buckled and that the spin coated PMMA adhered to the top of

the bridges. We find that the midpoint displacements of the

non-coated and PMMA-coated RMBs are 137 and 265 nm

toward the substrate (�1% of the beam length) as measured

by an optical surface profiler (Zygo, Middlefield, CT). (Thus,

the RMBs are near their critically buckled state.) In case that

the deposition temperature of poly-Si films during the LPCVD

process is considerably higher than the selected temperature

(�596 �C), we find that the amount of compressive stress

exerted in its axial direction notably exceeds the Euler stress

given by Eq. (1), which causes the RMB to be highly

buckled.27

Before their functionalization, the RMBs are wire

bonded and mounted on a dual-in-line package (DIP), after

which they are loaded into a flow chamber for device charac-

terization (see Fig. 2(d)). The experimental setup for gas

delivery and resonance measurements is described in South-

worth et al., where gas concentrations are mixed through a

dual channel flow-line.24 The doubly clamped beams are

electrostatically driven through a built-in tracking generator

of a spectrum analyzer (Agilent Technologies, Santa Clara,

CA), which is coupled with DC biasing voltage, and their

out of plane motion is detected using an interferometric opti-

cal technique.28 In order to maximize the optical reflectance

signal, the gap between the poly-Si bridge and the substrate

is chosen to be 1.2 lm. The resonance spectrum of the

bridges is monitored, as mixtures of dry nitrogen and vapor

of interest with various concentrations, are delivered to the

devices through the flow line system. Concentrations are

TABLE I. Estimated response time and minimum detectable concentration among selected methods for micro- and nano-gas sensors.

Methods Estimated response time

Estimated minimum

detectable concentration Pressure and temperature Analyte

Deflection-based

MEMS array14 �50 s 1000–2000 ppm

Atmosphere,

room temperature

Water, ethanol,

acetone, etc.

Chemiresistor16 �10 ms 4–5 ppm

Atmosphere,

room temperature

Methanol, water,

benzene, etc.

Nanowire array18 �10 s 0.1–1 ppm Atmosphere, 300 �C Ethanol

Mass-based detection in

MEMS array22 40 ms 0.6 ppb Atmosphere, 40 �C
Toluene,

octane, etc.

FIG. 1. (a) Fabrication process flow of a critically buckled micromechanical resonator functionalized with PMMA spin coating. Buckling of the bridges is not

depicted in this figure.
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controlled by mass flow controllers in each of two flow chan-

nels. The desired concentration of analyte vapor is obtained

by altering the ratios of dry nitrogen and analyte vapor

through the liquid state analytes. Here we assume that vapors

from the analyte channels are fully saturated. Under this

assumption and through knowledge of the mixing ratio, we

obtain the analyte concentration in parts-per-thousand (ppt)

in the high concentration range and parts-per-million (ppm)

in the low concentration range. Before each set of measure-

ments, saturated ethanol vapor is loaded into the flow cham-

ber and then fully vented after a few minutes in order to

effectively purge the flow chamber, resetting the RMB near

the critically buckled and dry state.

III. RESULTS AND DISCUSSION

A. Resonance characteristics

According to the derivation in Appendix, the fundamen-

tal frequency of microbridges in the first buckled configura-

tion f0 can be approximated by

f0 ¼ 2p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2EI

3mlL4

r
rE
� 1

� �s
; (2)

where r is the axial compressive stress and rE ¼ 4p2Er2=L2

is the Euler’s buckling stress. Here ml is the mass per unit

length, I is the area moment of inertia, and r is the gyration

radius of the cross-section of the beam. Resonance frequency

shift Df0 resulting from small effective mass and axial stress

variations only (Dm and Dr, respectively) without other stiff-

ness property variations, can be approximated to the first

order by the expression

Df0

f0
¼ 1

2
� Dm

meff
þ Dr

r� rcrit

� �
: (3)

According to Eq. (3), the resonance frequency may drop due

to loaded analyte mass (Dm > 0) or increase due to altered

axial stress exerted to the functionalized RMB (Dr). For a

buckled RMB, swelling of the polymer layer alters the stress

of the bridges towards more compressive as it reacts with the

analyte, causing a positive Dr and a rise in the resonance fre-

quency. (On the other hand, the frequency decreases in a

pre-buckled RMB configuration when compressive stress is

applied as it induces negative change in Dr.) As the RMB

approaches closer to its critical buckling state, the difference

between the axial and Euler stress becomes much smaller,

which results in relatively higher induced change in normal-

ized axial stress, or Dr/(r–rcrit). (Note that an additional

increase in the sensitivity can be expected due to the influ-

ence of the stress gradient between the polymer layer and the

beam.) In case of a flat beam structure, however, the change

in the normalized axial stress is much smaller than that of a

critically buckled RMB. The functionalized RMB has funda-

mental mode resonance frequencies of 1.3, 2.7, 2.9, and

3.6 MHz in dry nitrogen, saturated water vapor, saturated

benzene vapor, and saturated ethanol vapor, respectively

FIG. 2. (a) Optical microscope, (b) SEM image, and (c) surface profile of the micromechanical bridge after its functionalization, respectively

(20 lm� 2 lm� 0.14 lm). (d) Wire-bonded device chip mounted on a dual in-line package (DIP).
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(see Fig. 3(a)), demonstrating large frequency changes due

to the introduction of each analyte. These values are obtained

without significant deterioration of the functionalized

surface, allowing numerous cycles of consistent device oper-

ation with the analytes chosen for this study.

Figure 3(b) shows time traces of the functionalized

micromechanical resonator response for each saturated

analyte vapor. In this figure, we demonstrate, for saturated

ethanol vapor, an approximately 2 MHz increase in the reso-

nance frequency (that is, �150% of the baseline frequency

with dry nitrogen), while less than 0.5% increase in its nor-

malized resonance frequency has been observed for the non-

spin coated RMB that has only the FOTS layer deposited on

it. In addition to rise in resonance frequency unique to each

saturated analyte, the frequency-time trace may be indicative

for each chemical. The time response for each analyte

absorbed into the polymer coating can be modeled as a solu-

tion of the Fick’s law of diffusion in terms of a series of expo-

nential terms.29,30 To first order approximation, assuming that

the resonance frequency shifts are linearly proportional to the

ratio of vapors diffused into the polymer at a given time, we

model the resonance frequency as an exponential relaxation

function31 to extract the response time constant, which we

define as the time taken to achieve 63% (or 1� 1/e) of the

total frequency shift. Time constants of 8.4, 11.7, and 26.9 s

have been measured for the spin coated RMB with the injec-

tion of saturated ethanol, water, and benzene vapor into the

flow chamber, respectively (see Fig. 3(b)). For the ethanol

vapor, we observe that the resonance frequency overshoots,

but this effect is not seen for diluted ethanol vapor whose con-

centration is 2.9 ppt (see Fig. 3(b)) or less.

The relationship between resonance frequency and

squeeze film effect in the RMBs is examined. The squeeze

film effect governs the gas flow between a microbridge and

substrate moving towards each other. If the bridge moves

slowly, gas is squeezed out and dissipation loses result. For

fast movement, it compresses the air, resulting in spring

forces. A characteristic dimensionless squeeze number,

rSQN, can be defined as32

rSQN ¼
12la2x

Pad2
; (4)

where d is the distance between the substrate and the resona-

tor, Pa is the ambient pressure, l is the viscosity of air, x is

the natural frequency, and a is the typical dimension (or the

width for a doubly clamped beam structure) of the RMB. For

low squeeze numbers (and frequencies), the air can flow out

from below the resonator without compression and thus there

is no significant fluid increase in the device stiffness. On the

other hand, at high squeeze numbers, the gas does not have

sufficient time to flow out from below the device and the air

acts like a compressible spring. The squeeze number for our

RMB is estimated to be rSQN¼ 0.074 � 10, so that the am-

bient pressure gas is not trapped under the resonator but

readily flows from the compressed area.

The significantly reduced squeeze film damping effect is

due to a relatively large gap (�1.2 lm) between the resona-

tor and the substrate that leads to a higher qualify factor.33 In

Figure 3(a), the functionalized RMB has fundamental mode

quality factors of 8.7, 23.7, 26.6, and 28.8 in dry nitrogen,

saturated water, benzene, and ethanol vapor, respectively.

FIG. 3. (a) The resonance peaks and qualify factors of a resonant microme-

chanical bridge surrounded by saturated analyte vapor before baseline subtrac-

tion (b) Resonance frequency shift evolution in time of the functionalized

micromechanical resonator after exposure to individual saturated analytes fol-

lowing baseline subtraction. In order to extract the response time constant s, we

define as the time taken to achieve 63% (or 1� 1/e) of the total frequency shift.

In case of ethanol vapor, whose concentration is greater than 2.9 parts-per-

thousand, resonance frequency overshoot effect has been observed. (c) The

quality factor vs resonance frequency of the RMB (DQ/Df¼ 8.64 MHz�1).

104517-4 Joe et al. J. Appl. Phys. 111, 104517 (2012)
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This provides an improvement of more than a factor of two

in the quality factor in comparison with previous implemen-

tations24 in ambient condition because of reduction in energy

dissipation of the RMB due to the reduced squeeze film

damping. Figure 3(c) shows that despite the decrease in am-

plitude, as the resonance frequency shifts upward, the quality

factors of the resonators scale with resonance frequency as

vapors are introduced into the flow chamber, similar to the

mechanical behavior in other mechanical resonators in

air.33,34 This also suggests that the mechanical behavior of

the bilayer is strongly dominated by the poly-Si RMB,

whereas the PMMA layer serves mostly to introduce stress

changes only. The magnitudes of resonance frequency shifts

(dry nitrogen, water, benzene, and ethanol by increasing

order) and frequency dependence of quality factor have been

reproducibly observed in several devices functionalized by

the same protocol in our laboratory.

B. Device performance

In order to characterize vapor detection sensitivity of

functionalized RMBs, we first consider basic limits on our

device performance. One important consideration is the pres-

sure dependence of the RMB’s resonance frequency.

According to Eq. (5), the squeeze number is very low, which

ensures that the RMB is not in the regime where the reso-

nance frequency increases linearly with the pressure.34–36

Instead, the resonance frequency decreases in our experiment

as the pressure inside the flow cell increases presumably due

to mass entrainment.37 For example, Figure 4(a) shows an

example of the averaged resonance frequency variations of

the RMB due to pressure variations inside the flow chamber.

Here, the sign of the frequency change is opposite to that

introduced by swelling of the polymer layer. Frequency shift

per unit pressure change (Df/DP) is measured to be

�3.86 6 0.41 kHz/Torr, while the temperature is kept stable

throughout the experiments. The flow rate of dry nitrogen is

fixed as 10 000 sccm for this measurement, which causes an

increase in pressure of about 16 Torr inside the flow cham-

ber. However, pressure fluctuation for a nominally constant

dry nitrogen flow is found to be 0.32 6 0.05 Torr as meas-

ured for an hour. In addition to the frequency change

observed due to the pure pressure variation, we note that due

to the imbalance in our flow system there is a small pressure

FIG. 4. (a) Pressure calibration of the RMB in ambient condition (Df/DP¼�3.86 6 0.41 kHz/Torr). (b) Pressure rise per ethanol concentration increase

(DP/DC¼ 0.36 6 0.08 Torr/ppt). (c) Steps of frequency rises upon increase in vapor concentration before and after baseline (dashed line) subtraction, (d) short

term frequency fluctuation, Dfn, or a standard deviation of the frequency changes (Dfn¼6 0.25 kHz) in a minute.
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rise per ethanol concentration increase (DP/DC). This is

measured to be 0.36 6 0.08 Torr/ppt (see Fig. 4(b)). Combin-

ing these results by multiplying Df/DP with DP/DC, the fre-

quency shift per change in ethanol concentration contributed

by pressure change, Df/DC,pressure, is estimated to be only

�1.39 Hz/ppm. It is essential for the RMB to achieve vapor

detection sensitivity higher than this value, in order to accu-

rately sense the analyte vapor.

Other important considerations regarding limits on our

device performance are baseline frequency drift and fluctua-

tion. The resonance frequency of the RMB surrounded by

flowing dry nitrogen gas represents the baseline measure-

ment, which is monitored by a spectrum analyzer with its

built-in frequency-sweep source output. The resolution band-

width and frequency span are set to be 10 kHz and 2 MHz,

respectively, which yields about 15 ms of typical integration

sweep time for a single frequency-sweep measurement. The

spectrum analyzer samples 21 data points for each frequency

and averages them, giving approximately 300 ms of overall

integration time. Allowing each time interval to be long

enough for data acquisition, we record the data every half

second. The baseline exhibits a slow but continuous expo-

nential drift with a characteristic time constant that is two

orders of magnitude greater than the response time to typical

analyte vapors. After the ethanol purge is completed, the

overall magnitude of rise in the baseline during the course of

the measurement is �120 kHz in average for each run (usu-

ally 30 min to 1 h). An example of the natural baseline drift

is shown as the dashed line in Figure 4(c). We estimate that

this drift in the baseline frequency is due to effects of mois-

ture from the environment, or a slow stress-strain relaxation

of the buckled beam. Similar results in the resonance fre-

quency shifts have been obtained for each run in spite of the

baseline rises. For further analysis, the exponential baseline

is subtracted from the observed resonance frequency. For

example, Figure 4(c) shows steps of frequency rises upon the

corresponding steplike increase in vapor concentration

before and after baseline subtraction.

In addition to the long-term frequency drifts, short-term

frequency fluctuation also limits vapor detection resolution

of the functionalized RMBs. For instance, Figure 4(d) illus-

trates an example of such frequency fluctuations. In this

figure, the short term frequency fluctuation Dfn, which repre-

sents a standard deviation of the frequency changes in a mi-

nute, is measured to be approximately Dfn¼6 0.25 kHz.

Compared to the width of the resonance frequency Df0
(¼ �200 kHz), this frequency fluctuation component is very

small (that is, �0.25% of Df0). We believe that this fre-

quency variation is mainly due to thermal fluctuations in the

polymer coating around the detection laser spot, which adds

to other sources of frequency variations. Pressure fluctua-

tions combined with the baseline rise and frequency fluctua-

tion sets the resolution limit of our vapor sensing method

with the current gas delivery and readout system.

C. Frequency shift analysis and device sensitivity

Thanks to their dynamic range, PMMA coated RMBs

can detect the presence of analyte vapors well below their

saturated vapor pressure. According to a simplified model24

of doubly clamped beams under compressive stress, the de-

pendence of the frequency shift on the analyte vapor concen-

tration is approximately

Df ðCÞ ¼
ffiffiffiffiffiffi
aC
p

; (5)

where Df is the resonance frequency shift from baseline, C is

the concentration of analyte vapor, and a is the analyte-

dependent hygrometric expansion coefficient of PMMA.

Here we assumed linearity between the strain and the stress

of hygrometric expansion in the polymer exposed to vapor.

Figure 5(a) demonstrates measured resonance frequency

shifts in the functionalized RMB of Figures 1 and 2 with fits

to Eq. (6) for each analyte. These experimental results agree

with the theory of dynamics of buckled beams,38,39 showing

that the resonance frequency shifts are proportional to the

square root of analyte vapor concentration, in the case of the

volatile vapors ethanol and benzene. In particular, ethanol

showed the highest sensitivity among all analytes for this

study. On the other hand, water vapor exhibited weak

square-root dependence of resonance frequency shifts with

changing concentration. We estimate that these observations

FIG. 5. Response in frequency shift vs analyte concentration after its normal-

ization with vapor pressure (a) in a critically buckled RMB (calculated relieved

stress¼�59.5 MPa) and (b) in a RMB with initial buckling, which is further

from the critical buckling state (calculated relieved stress¼�113 MPa).

104517-6 Joe et al. J. Appl. Phys. 111, 104517 (2012)
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possibly result from unique complex diffusion mechanism of

water in PMMA, which consists of dual mode sorption

kinetics present in microvoids due to retarded swelling of the

polymer.29

Similar device characteristics have been observed in

other spin coated RMBs, proving a reliable device fabrica-

tion scheme (see Fig. 1). Figure 5(b) shows corresponding

measurements of another functionalized RMB, in which the

initial buckling is further from the critical buckling state than

the RMB tested in Fig. 5(a). According to Emam et al.,40 the

relieved stress, rrel, or the difference between the residual

stress, rres, and the critical buckling stress, rcrit, of a beam

structure, is given by (see Eq. (A7) in Appendix)

rrel ¼ rres � rcrit ¼
p2Er2q2

B

4L2
; (6)

where qB is the midpoint elevation of the beam in out-of-

plane direction. While calculated relieved stress of the crit-

ically buckled RMB is �59.5 MPa, that of more buckled

RMB is �113 MPa. This increase in the relieved stress leads

to the reduced hygrometric expansion coefficient a measured

in all analytes with corresponding ratios. Despite their differ-

ent initial buckling states, both RMBs exhibit similar behav-

ior of frequency shifts with introduction of vapors, verifying

consistent device operations of the RMB.

With these PMMA-coated RMBs, we have demon-

strated detection of ethanol vapors in a few hundred ppm

range. Figures 6(a) and 6(b) show experimental resonance

frequency shifts of the functionalized RMB as a function of

time and ethanol concentration in ppm range, respectively.

In this regime, dependence of the frequency shift on the ana-

lyte vapor concentration effectively becomes linear, yielding

Df/DC,ethanol¼�360 Hz/ppm to first order approximation af-

ter 200 seconds (see Fig. 6(b)). This value is �250 times

greater in magnitude than the frequency shift that results

solely due to pressure increase induced by ethanol vapor

injection into a flow cell (Df/DC,pressure¼�1.39 Hz/ppm cal-

culated results from Figs. 4(a) and 4(b)). As we consider

500 Hz of the short-term resonance frequency fluctuation,

corresponding to Fig. 4(d)), it leads to an estimated mini-

mum detectable concentration of �1.39 ppm of ethanol

vapor (500 Hz/360 Hz/ppm¼ 1.39 ppm). With a more sensi-

tive detection scheme than the one used in the current experi-

ment, together with more stable baseline frequencies over

time under stabilized conditions, the sensitivity of our RMB

could potentially be enhanced.

IV. CONCLUSION

In summary, we have demonstrated that resonance fre-

quency shifts for PMMA functionalized stress-based reso-

nant volatile gas microsensors, operated near their critically

buckled point, can be used in chemical sensing applica-

tions. The microsensors exhibit high sensitivity and

dynamic range (as large as 150% frequency shifts) enabled

by operation near the critical buckling stress with rapid fre-

quency response due to the swelling of the thin polymer

coating, effectively increasing surface-to-volume ratio and

thus promote faster polymer swelling response. In addition

to fast response and high dynamic range, significant

improvements in the quality factor of the microsensors in

ambient condition were achieved and sensing with the

RMB of individual volatile vapors has been demonstrated.

The standard microfabrication procedure of doped poly-Si

RMBs suggests that the miniaturized microsensors are

comparable with electrical detection implemented by com-

plementary metal-oxide-semiconductor (CMOS) based

electronics41 and could be integrated with surface function-

alization. Microsensors coated with a high yield functional-

ization polymer surface can improve their sensitivity,

provided that the RMB is pre-stressed closer to its critical

buckling. In addition we anticipate that reduction of ther-

mal noise (by use of all-electric detection), and further

evolved functionalized coatings will result in higher sensi-

tivity to specific analytes. The mechanism of the stress-

optimized doubly clamped beam resonator with surface

functionalization is of interest for real-time volatile-or-

ganic-compound ambient gas sensing in applications of

breath analysis for trace vapors, biomedical, clinical, and

military applications.

FIG. 6. (a) Time response of diluted ethanol vapor in ppm range. Response

time constant is greater for diluted vapor than saturated vapor. (b) Response

in frequency shift vs ethanol concentration in ppm range for the RMB

operated near the critical buckling state, 200 s after the ethanol injection

(Df/DC,ethanol¼�360 Hz/ppm).
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APPENDIX: FUNDAMENTAL FREQUENCY OF A
BUCKLED BEAM

In order to highlight the main ideas beyond the opera-

tional principle of the microsensor, we first consider the reso-

nance behavior of the pre-buckled beam and, specifically, the

influence of the axial compressive force on the fundamental

frequency of the device. The dynamics of free undamped

vibrations of the beam, considered in the framework of the

Euler-Bernoulli theory, are governed by the equation

EI
@4ẑ

@x̂4
þ P̂ � EA

2L

ðL

0

@ẑ

@x̂

� �2

dx̂

" #
@2ẑ

@x̂2
þ ml

@2ẑ

@ t̂
2
¼ 0: (A1)

Here ẑðx̂; t̂Þ is the deflection of the beam (the elevation with

respect to its straight stress-free state), x̂ and t̂ are the coordi-

nates along the beam and time, respectively, L is the length

of the beam, ml is the mass per unit length, E is the Young’s

modulus, and P̂ is the applied compressive axial force. In

addition, I and A are the area moment inertia of the cross-

section and the cross-sectional area of the beam, respec-

tively. Equation (A1) is completed by the boundary condi-

tions corresponding to the fixed (in both x and z directions)

ends of the beam. The non-dimensional, more convenient for

the analysis, counterpart of Eq. (A1) is38

zIV þ 4p2P� 1

2

ð1

0

ðz0Þ2dx

� �
z00 þ z

:: ¼ 0: (A2)

Here

z ¼ ẑ

r
; x ¼ x̂

L
; t ¼ t̂

ffiffiffiffiffiffiffiffiffiffi
EI

mlL4

r
; P ¼ P̂L2

4p2EI
; r ¼

ffiffiffi
I

A

r
:

(A3)

One observes that the deflection of the beam is normalized

by the gyration radius r of the cross-section and the compres-

sive axial force P̂ is normalized by the Euler’s buckling

force of a double-clamed beam PE ¼ 4p2EI=L2.

Note that the natural frequencies and natural modes of

the beam pre-buckled by the force P > 1 were analyzed in

Nayfeh et al.38 However, the exact characteristic equation

used for the calculation of the natural frequencies is cumber-

some and difficult for analysis. Here we present a simple,

based on the Galerkin decomposition, approximation allow-

ing estimation of the frequency and illustrating the influence

of the axial stress on the spectral characteristics of the beam.

Since P > 1, we represent the elevation of the beam in the

form

zðx; tÞ ¼ zBðxÞ þ wðx; tÞ; (A4)

where zBðxÞ represents the buckled shape of the beam and

wðx; tÞ is the deflection with respect to the buckled shape.

We substitute Eq. (A4) into Eq. (A2), linearize the resulting

equation for maxx2½0;1�ðwÞ � 1, and take into account that

zðxÞ ¼ zBðxÞ satisfies the static counterpart of Eq. (A2).

Then, we obtain

wIV þ 4p2P� 1

2

ð1

0

ðz0BÞ
2dx

� �
w00 �

ð1

0

z0Bw0dx

� �
z00B þ w

:: ¼ 0:

(A5)

In the framework of the single degree of freedom approxima-

tion, we set

zBðxÞ � qB/ðxÞ; wðx; tÞ � qwðxÞeixt: (A6)

Here we define /ðxÞ ¼ ½1� cosð2pxÞ�=2 is the first buckling

mode of the beam38) while wðxÞ is the base function and x is

the corresponding natural frequency of the beam. And

qB ¼ 4
ffiffiffiffiffiffiffiffiffiffiffiffi
P� 1
p

(A7)

is the midpoint elevation of the beam in the post-buckled

configuration. Substituting Eq. (A6) into Eq. (A5), multiply-

ing it by wðxÞ, integrating by parts and taking into account

fixed boundary conditions yield the eigenvalue problem

ð1

0

ðw00Þ2dx� 4p2P� 1

2
q2

B

ð1

0

ð/0Þ2dx

� � ð1

0

ðw0Þ2dx

�

þ q2
B

ð1

0

/0w0dx

ð1

0

/0w0dx� x2
1

ð1

0

ðwÞ2dx

�
q ¼ 0:

The lowest natural frequency of the buckled beam x1 is

therefore given by the expression

x1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiÐ 1

0
ðw00Þ2dx� 4p2P

Ð 1

0
ðw0Þ2dxþ q2

B
1
2

Ð 1

0
ð/0Þ2dx

Ð 1

0
ðw0Þ2dxþ ð

Ð 1

0
/0w0dxÞ2

h i
Ð 1

0
ðwÞ2dx

vuuut : (A8)
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We use the first buckling mode of the beam as the base func-

tion, i.e.,

wðxÞ ¼ /ðxÞ ¼ 1

2
½1� cosð2pxÞ�; (A9)

and obtain

x1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b� 4p2Psþ 3

2
s2q2

B

a

s
¼ x0

1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4p2P

s

b
þ 3

2

s2

b
q2

B

r
;

(A10)

where the coefficients

b¼
ð1

0

ð/00Þ2dx¼ 2p4; s¼
ð1

0

ð/0Þ2dx¼ p2

2
;

a¼
ð1

0

/2dx¼ 3

8
(A11)

are associated with the bending, stretching stiffness, and the

mass of the beam, respectively. And x0
1 ¼

ffiffiffiffiffiffiffiffi
b=a

p
¼ 4p2=

ffiffiffi
3
p

is the Rayleigh quotient approximation of the fundamental

mode frequency of the beam without axial force. Note that

x0
1¼ 22.792 while the exact value is 4.732¼ 22.373. By sub-

stituting Eq. (A11) into Eq. (A10) and taking into account

the expression for qB, Eq. (A7), we obtain

x1 ¼ x0
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðP� 1Þ

p
(A12)

or, taking into account Eq. (A7)

x1 ¼
x0

1qB

2
ffiffiffi
2
p : (A13)

Equation (A13) indicates that in the framework of the single

mode approximation the frequency of the buckled beam is a

linear function of the midpoint elevation of the beam. Com-

parison between Eq. (A12) and the exact result given in

Nayfeh et al.38 shows that the relative error in the frequency

is 4.8% for P¼ 2 (which corresponds to qB¼ 4 or to the mid-

point deflection to the thickness ratio of q̂B=d ¼ 2=
ffiffiffi
3
p

).

Note in passing that in the pre-buckling case P < 1 the

expression for the fundamental frequency x1 of the straight

beam can be obtained from Eq. (A10) by setting qB ¼ 0,

which yields the value x1 ¼ x0
1

ffiffiffiffiffiffiffiffiffiffiffiffi
1� P
p

. One can conclude

therefore that the sensitivity of the resonance frequency to

the axial force in the buckled configuration is higher than

that in the pre-buckled case.

The fundamental frequency of microbridges in the first

buckled configuration f0 can therefore be approximated by

the expression

f0 ¼ 2p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2EI

3mlL4

r
rE
� 1

� �s
; (A14)

where r is the axial compressive stress and rE ¼ 4p2Er2=L2

is the Euler’s buckling stress.

1W. E. Newell, Science 161, 1320 (1968).
2H. G. Craighead, Science 290, 1532 (2000).
3A. Manz, N. Graber, and H. M. Widmer, Sens. Actuators B 1, 244 (1990).
4D. Janasek, J. Franzke, and A. Manz, Nature 442, 374 (2006).
5P. S. Waggoner, H. G. Craighead, Lab Chip 7, 1238, (2007).
6J. L. Arlett, E. B. Myers, and M. L. Roukes, Nat. Nanotechnol. 6, 203

(2011).
7R. A. Dweik and A. Amann, J. Breath Res. 2, 030301 (2008).
8A. Deykin, J. Allergy Clin. Immunol. 118, 565 (2006).
9D. Schmid, H. Lang, S. Marsch, C. Gerber, and P. Hunziker, Eur. J.

Nanomed. 1, 44 (2008).
10L. A. Pinnaduwage, V. Boiadjiev, J. E. Hawk, and T. Thundat, Appl. Phys.

Lett. 83, 1471 (2003).
11J. Bowen, L. J. Noe, B. P. Sullivan, K. Morris, V. Martin, and G. Don-

nelly, Appl. Spectrosc. 57, 906 (2003).
12A. R. Krause, C. Van Neste, L. Senesac, T. Thundat, and E. Finot, J. Appl.

Phys. 103, 094906 (2008).
13Y. Engel, R. Elnathan, A. Pevzner, G. Davidi, E. Flaxer, and F. Patolsky,

Angew. Chem. Int. Ed. 49, 6830 (2010).
14F. M. Battiston, J.-P. Ramseyer, H. P. Lang, M. K. Baller, Ch. Gerber, J.

K. Gimzewski, E. Meyer, and H.-J. Güntherodt, Sensor Actuators B 77,

122 (2001).
15A. Bietsch, J. Zhang, M. Hegner, H. P. Lang, and C. Gerber, Nanotechno-

logy 15, 873 (2004).
16N. S. Lewis, Acc. Chem. Res. 37, 663 (2004).
17A. M. Kummer, A. Hierlemann, and H. Baltes, Anal. Chem. 76, 2470

(2004).
18Q. Wan, Q. H. Li, Y. J. Chen, T. H. Wang, X. L. He, J. P. Li, and C. L.

Lin, Appl. Phys. Lett. 84, 3654 (2004).
19D. A. Buttry and M. D. Ward, Chem. Rev. 92, 1355 (1992).
20J. W. Grate, S. L. Rosepehrsson, D. L. Venezky, M. Klusty, and H. Wohlt-

jen, Anal. Chem. 65, 1868 (1993).
21K. Bodenh�ofer, A. Hierlemann, G. Noetzel, and W. G�opel, Anal. Chem.

68, 2210 (1996).
22M. Li, E. B. Myers, H. X. Tang, S. J. Aldridge, H. C. McCraig, J. J. Whit-

ing, R. J. Simonson, N. S. Lewis, and M. L. Roukes, Nano Lett. 10, 3899

(2010).
23A. Boisen, S. Dohn, S. S. Keller, S. Schmid, and M. Tenje, Rep. Prog.

Phys. 74, 036101 (2011).
24D. R. Southworth, L. M. Bellan, Y. Linzon, H. G. Craighead, and J. M.

Parpia, Appl. Phys. Lett. 96, 163503 (2010). (Erratum in: Appl. Phys. Lett.

98, 139901 (2011)).
25W. L. Hallauer, C. Ma, J. Micromech Microeng. 21, 065025 (2011).
26D. M. Karabacak, S. H. Brongersma, and M. Crego-Calama, Lap Chip 10,

1976, (2010).
27H. Kahn, R. Ballarini, and A. H. Heuer, J. Mater. Res. 17, 1855 (2002).
28D. W. Carr and H. G. Craighead, J. Vac. Sci. Technol. B 15, 2760 (1997).
29D. T. Turner, Polymer 23, 197 (1982).
30R. B. Anderson, J. Bayer, and L. J. E. Hofer, Ind. Eng. Chem. Ind. Eng.

Chem. Process Des. Dev 4, 167 (1965).
31R. Chiba and N. Funakoshi, Thin Solid Films 157, 307 (1988).
32J. J. Blech, J. Lubr. Technol. 105, 615 (1983).
33S. S. Verbridge, R. Ilic, H. G. Craighead, and J. M. Parpia, Appl. Phys.

Lett. 93, 013101 (2008).
34D. R. Southworth, H. G. Craighead, and J. M. Parpia, Appl. Phys. Lett. 94,

213506 (2009).
35R. A. Bidkar, R. C. Tung, A. A. Alexeenko, H. Sumali, and A. Raman,

Appl. Phys. Lett. 94, 163117 (2009).
36R. C. Tung, J. W. Lee, H. Sumali, and A. Raman, J. Micromech.

Microeng. 21, 025003 (2011).
37M. Bao, H. Yang, Sens. Actuators A 136, 3 (2007).
38A. H. Nayfeh, W. Kreider, and T. J. Anderson, AIAA J. 33, 1121 (1995).
39L. Nicu and C. Bergaud, J. Appl. Phys. 86, 5835 (1999).
40S. A. Emam and A. H. Nayfeh, Nonlinear Dyn. 35, 1 (2004).
41I. Voiculescu, M. E. Zaghloul, R. A. McGill, E. J. Houser, and G. K.

Fedder, IEEE Sens. J. 5, 641 (2005).

104517-9 Joe et al. J. Appl. Phys. 111, 104517 (2012)

Downloaded 31 Jul 2012 to 128.253.115.18. Redistribution subject to AIP license or copyright; see http://jap.aip.org/about/rights_and_permissions

http://dx.doi.org/10.1126/science.161.3848.1320
http://dx.doi.org/10.1126/science.290.5496.1532
http://dx.doi.org/10.1016/0925-4005(90)80209-I
http://dx.doi.org/10.1038/nature05059
http://dx.doi.org/10.1039/b707401h
http://dx.doi.org/10.1038/nnano.2011.44
http://dx.doi.org/10.1088/1752-7163/2/3/030301
http://dx.doi.org/10.1016/j.jaci.2006.06.007
http://dx.doi.org/10.1515/EJNM.2008.1.1.44
http://dx.doi.org/10.1515/EJNM.2008.1.1.44
http://dx.doi.org/10.1063/1.1602156
http://dx.doi.org/10.1063/1.1602156
http://dx.doi.org/10.1366/000370203322258850
http://dx.doi.org/10.1063/1.2908181
http://dx.doi.org/10.1063/1.2908181
http://dx.doi.org/10.1002/anie.201000847
http://dx.doi.org/10.1016/S0925-4005(01)00683-9
http://dx.doi.org/10.1088/0957-4484/15/8/002
http://dx.doi.org/10.1088/0957-4484/15/8/002
http://dx.doi.org/10.1021/ar030120m
http://dx.doi.org/10.1021/ac0352272
http://dx.doi.org/10.1063/1.1738932
http://dx.doi.org/10.1021/cr00014a006
http://dx.doi.org/10.1021/ac00062a011
http://dx.doi.org/10.1021/ac9600215
http://dx.doi.org/10.1021/nl101586s
http://dx.doi.org/10.1088/0034-4885/74/3/036101
http://dx.doi.org/10.1088/0034-4885/74/3/036101
http://dx.doi.org/10.1063/1.3393999
http://dx.doi.org/10.1063/1.3573770
http://dx.doi.org/10.1088/0960-1317/21/6/065025
http://dx.doi.org/10.1039/b926170b
http://dx.doi.org/10.1557/JMR.2002.0274
http://dx.doi.org/10.1116/1.589722
http://dx.doi.org/10.1016/0032-3861(82)90300-7
http://dx.doi.org/10.1021/i260014a007
http://dx.doi.org/10.1021/i260014a007
http://dx.doi.org/10.1016/0040-6090(88)90011-9
http://dx.doi.org/10.1115/1.3254692
http://dx.doi.org/10.1063/1.2952762
http://dx.doi.org/10.1063/1.2952762
http://dx.doi.org/10.1063/1.3141731
http://dx.doi.org/10.1063/1.3122933
http://dx.doi.org/10.1088/0960-1317/21/2/025003
http://dx.doi.org/10.1088/0960-1317/21/2/025003
http://dx.doi.org/10.1016/j.sna.2007.01.008
http://dx.doi.org/10.2514/3.12669
http://dx.doi.org/10.1063/1.371600
http://dx.doi.org/10.1023/B:NODY.0000017466.71383.d5
http://dx.doi.org/10.1109/JSEN.2005.851016

