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Parametric amplification in a torsional microresonator
Dustin W. Carr,a) Stephane Evoy,b) Lidija Sekaric, H. G. Craighead, and J. M. Parpia
Cornell Nanofabrication Facility and the Cornell Center for Materials Research, Cornell University, Ithaca,
New York 14853

~Received 28 March 2000; accepted for publication 11 July 2000!

We observe parametric amplification in a torsional micron-scale mechanical resonator. An applied
voltage is used to make a dynamic change to the torsional spring constant. Oscillating the spring
constant at twice the resonant frequency results in a phase dependent amplification of the resonant
motion. Our results agree well with the theory of parametric amplification. By taking swept
frequency measurements, we observe interesting structure in the resonant response curves. ©2000
American Institute of Physics.@S0003-6951~00!05036-1#
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Micromechanical torsional oscillators are highly use
tools in the physical sciences. The rotational motion ma
these structures ideal for studies of magnetism and vo
physics.1 They have also been used to detect very sm
strains, because the lever arm of the torsional motion
creases the detection sensitivity. This has helped to gain
derstanding about inelastic processes in crystalline silic2

and silica glasses.3 Ultrasmall resonators can detect sm
forces and have been shown to be very sensitive to ele
charges.4 The detection capabilities can be enhanced by t
ing advantage of dynamic behaviors that have not previou
been observed in torsional oscillating systems. We descri
simple system in which the torsional spring constant o
micron-scale oscillator can be directly modified with an a
plied voltage. A modulation of the spring constant at twi
the resonant frequency amplifies the resonant motion of
structure. This type of parametric amplification has been p
viously observed in cantilever oscillators.5 These measure
ments were performed on extremely small resonators, w
torsion members that have widths below 200 nm. The res
shown, however, are applicable to structures on any
scale. Our measurements reveal interesting properties a
the frequency response of parametrically amplified syste

The expected behaviors of a mechanical parametric
plifier have been derived previously.5,6 The predictions of
this theory are presented here for later comparison to
actual data. Consider a system that is described by the
lowing equation of motion:

I ẅ52@k2k8~ t !#w2
Iv0

Q
ẇ1t~vt !, ~1!

wherew is angular displacement of the oscillator from eq
librium, k is the time independent~normal! part of the tor-
sional spring constant, andk8(t) is a dynamic modulation o
the spring constant that is brought about by the applicatio
a time dependent potential at exactly twice the driving f
quency, 2v. I is the moment of inertia,Q is the quality fac-
tor, v0 is the resonant frequency of the oscillator, andt(vt)
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is the applied torque at frequencyv. If we drive the structure
on resonance with an applied torque given by

t~ t !5t0 sin~vt1u!, ~2!

with u the phase between thev and 2v components with the
result is a modulation~or time dependence! of the spring
constant given by

k8~ t !5k08 cos~2v0t !. ~3!

Theory predicts that the system will respond with an amp
tude of oscillation,w0 described by

w05
t0Q

k F cos2 u

~11Qk08/2k!2 1
sin2 u

~12Qk08/2k!2G1/2

. ~4!

The first factor is the right hand side, (t0Q)/(k), is just
the normal resonant response of an oscillator whenk8(t)
50, i.e., when no 2v signal is applied. The second facto
then acts as a phase-dependent gain. When the phaseu50,
the system will be deamplified. When the phaseu5p/2, the
gain diverges to infinity whenk085(2k)/(Q).

It is possible to fabricate a torsional microresonator t
is well described by the earlier equations of motion. We ha
previously reported on the fabrication and measurem
techniques used in the study of very small silic
oscillators.7–9 Commercially available silicon on insulato
wafers are patterned using electron beam lithography.
pattern is transferred into the top silicon surface using a
active ion etch, and the small features are released in
isotropic wet etch that selectively attacks the buried oxi
We have studied the behavior of structures such as the
shown in Fig. 1. This consists of a rectangular paddle sy
metrically suspended by narrow beams that are typic
150–200 nm in width. The length and width were vari
over a large range. The minimum size of the paddles
which we observed parametric amplification was 232 mm2

and the largest was 4325mm2. All of the data in this letter
is from a 4315mm2 paddle. Thin layers of Cr~5 nm! and
Au ~10 nm! are evaporated on the top surface and the und
lying substrate so that electrical connection can be ma
The structures to be tested are held under vacuum to a
viscous damping effects. Motion is detected optically. Lig
from a He–Ne laser~632.8 nm! passes through a quartz win
dow into the vacuum chamber and is focused onto the
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face of the oscillator. Motion of the structure will result in
change in the reflectance due to interference, and this ch
is detected using an alternating current~ac!-coupled photo-
receiver. The structures are driven electrostatically by ap
ing a potential between the top and bottom surfaces.
substrate is grounded while the suspended structure is dr
with an ac signal~with v and 2v components! that is added
to a direct current~dc! voltage.

In earlier work, we have shown that the torsional mo
can be excited in this fashion, even though the total tor
on such a symmetric oscillator should be zero.10 Slight asym-
metries are incurred during the fabrication process and th
are sufficient to allow the excitation of torsional motion. W
have also shown that a small applied dc voltage will prod
a substantial decrease in the effective spring constant, a p
erty that enables parametric amplification of the motio
From these results, we know that if the structure is pla
under a dc voltage,Vdc, which is added to an ac signa
Vacsin 2vt, then the spring constant will be pumped by
amount

k~ t !5
e0wl3VdcVac

12d3 cos~2vt !, ~5!

wheree0 is the permittivity of free space, andl, w, andd are
shown in Fig. 1. If we letV85(24kd3)/(Qe0wl3Vdc) and
A05(tQ)/(k), then using Eqs.~3!, ~4!, and ~5! we show
that the resonant response as a function of the ac signal
plitude is

w05A0F cos2 u

~11Vac/V8!2 1
sin2 u

~12Vac/V8!2G1/2

. ~6!

To observe this effect, we drive the structures by app
ing a torque at a frequencyv and oscillate the spring con
stant at 2v. The application of a voltage at 2v will also
produce a torque at that frequency. For an oscillator wit
sufficiently highQ, this torque will not affect the response o
the oscillator atv. The optical response at the driving fre
quency is measured using a spectrum analyzer. The
quency,v, is swept across a range that allows us to obse
the resonant peak shape of the response.

FIG. 1. A scanning electron micrograph of a torsional oscillator similar
the ones measured for this experiment is shown. The top silicon layer is
nm and the structure is suspended 400 nm above the underlying subs
Thin layers of chrome and gold are deposited on the surface. The sha
from this evaporation can be seen beneath the oscillator.
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Figure 2 shows the parametric amplification effect.
series of curves are shown in which the signal at the driv
frequency is constant while the double frequency pump
signal varies over the range shown in the legend. The p
amplitudes as a function of the pumping signal are plot
and these values are fitted to a function of the form of E
~6!. From the fit, we get a value of 0.201/20.01 V for the
asymptotic voltageV8. The predicted value is 0.201/20.05
V.

These swept frequency measurements also show s
behavior characteristics of parametric amplification that
not generally discussed. As the amplification increases,
peak width becomes substantially narrower and the peak
sumes a form that is non-Lorentzian. This is due to the ph
dependence of the amplification. The response to frequen
on either side of the resonance reflects the fact that the
gular excursion and the pump~at 2v! are of a different phase
from that described in Eq.~4! and thus the amplitude at thes
frequencies will be deamplified. This is well illustrated
Fig. 3 in which several resonance curves are normalize
their respective peak values. The peak with the highest
plification has the narrowest width.

00
ate.
ow

FIG. 2. The measured oscillation amplitude as a function of the amplit
of spring constant pump at twice the driving frequency. The asympt
nature of this amplification is apparent. The free parameters of the fit w
the amplitude at zero-gain and the asymptotic voltage,V8. The value ofV8
from the fit is 0.21 V, the expected value, based on the geometry of
oscillator and the measured frequency, is 0.201/20.02 V. There are two
significant sources of error. For the smaller signals, the noise from
electronics as well as the thermal motion of the oscillator is significant.
the larger signals where the gain is very high, there are fluctuations in
oscillation amplitude caused by noise in the amplifier electronics and th
power supply. The asymptotic nature of the amplification causes these
tuations to have a significant effect as the gain is increased.

FIG. 3. The response curves for various pumping amplitudes are each
malized to their respective maxima to demonstrate the peak narrowing e
of the parametric amplification effect.
IP license or copyright, see http://ojps.aip.org/aplo/aplcr.jsp
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Another interesting feature is shown in Fig. 4. We ha
varied the phase of the pump relative to the drive while
pump and drive amplitudes are both held constant. An a
trary phase offset angle~120°! is incurred in the signal gen
eration. As the phase is varied by 90°, we see the resp
evolve from the amplified state to the deamplified sta
When the system is under deamplification, a dip in the
sponse is observed at the resonant frequency. This is, a
a result of the phase dependence. The response is dea
fied at the resonant frequency, but the sidebands are
amplified.

This amplification technique should allow a mechani
resonator to achieve a narrower bandwidth than it would
capable of in the unpumped state. The phase dependen
the amplification will lead to an increased sensitivity
phase noise. Our purpose in this letter is to demonstrate
parametric amplification can be realized in torsional syste
Because of their simplicity, these parametric amplificat
techniques could be extended to coupled mechanical osc

FIG. 4. Response curves for several different relative phases of the
and the pump. A valley forms at the phase with the most deamplificati
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tors whose coupling spring constant can be dynamic
altered.11 Electronic amplifiers of this type are well know
for their low noise figure.

Parametric techniques will be critical in high frequen
applications where the performance of mechanical dev
become limited by processes such as thermoelastic
phonon–phonon effects that intrinsically limit thevQ
product.12,13We have demonstrated that torsional devices
capable of producing a response that is nearly an orde
magnitude narrower than that achieved without parame
amplification.
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